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THEORY OF GROUPS 


Miller, G. A. The groups which contain exactly fourteen 
proper subgroups. Proc. Nat. Acad. Sci. U.S. A. 26, 283- 
286 (1940). [MF 1807] 

It is shown that there are nine infinite systems and thir- 
teen other individual groups which have exactly fourteen 
proper subgroups. Two of these result from a general 
theorem that non-abelian groups of order p-2™ having 
~p+2m—1 proper subgroups can be constructed by setting 
up a p, 2” isomorphism between a dihedral group of order 
2p and a cyclic group of order 2”. J. S. Frame. 


Miller, G. A. Abelian groups which contain no more than 
25 proper subgroups. Proc. Nat. Acad. Sci. U.S. A. 26, 
350-354 (1940). [MF 2143] 

Having listed in previous papers all groups which contain 
less than 15 proper subgroups [these Rev. 1, 6, 43, 103, 161], 
the author now lists all abelian groups having k proper sub- 
groups, for 15=k=25. The problem is first reduced to the 
study of prime power abelian groups, by noting that the 
total number k+2 of the subgroups of an abelian group is 
the product of the number of subgroups in each of its Sylow 
subgroups. J. S. Frame (Providence, R. 1.). 


Brahana, H. R. Finite metabelian groups and Pliicker 
line-codrdinates. Amer. J. Math. 62, 365-379 (1940). 
[MF 1771] 

Let G be a finite group with abelian central quotient 
group, all of whose elements satisfy x”=1 for p a prime 
number different from 2. Then it may be assumed without 
loss in generality that the central and the commutator sub- 
group of G are equal. Denote by * the order of the central 
C of G and by p** the order of the central quotient group 
G/C. Then cSk(k+1)2—. There exists just one group of 
this class satisfying c=k(k+1)2—. This group is called the 
master group for k, since every group of the class considered 
with the same & is a homomorphic picture of the master 
group. If G contains a maximal abelian subgroup of order 
p*, then kc. If in addition to this hypothesis # <4, then 
the author proves that these groups are completely char- 
acterized by the number of abelian subgroups of orders p*** 
and p*** (reference to the latter is only needed for one pair 
of groups) and a complete list of the possibilities is given. 
Every group G whose central quotient group is of order p**# 
is a quotient group of the k-master group modulo a suitable 
subgroup of its central. But the subgroups of the central are 
just the linear subspaces of a [}(k(&+1)) —1]-dimensional 
projective geometry with coordinates from the field of in- 
tegers modulo p. If in particular k=3, then those points 
which represent commutators of elements in the master 
group lie on the spread defined by x1x5—xox5+2x3x4=0, and 
they are just those points of the 5-dimensional space which 
represent points in the three-dimensional space by means 
of their Pliicker line-coordinates. The classification problem 
involved is to characterize those linear subspaces of the 


5-dimensional space which are equivalent under collinea- 
tions preserving the above manifold. R. Baer. 


Lauritzen, Svend. A theorem on groups 
tions. Mat. Tidsskr. B. 1939, 69-76 (1939). 
[MF 1469] 

The theorem proved in this paper may be stated as 
follows: Let F be a non-abelian group of linear substitutions 


of linear substitu- 
(Danish) 


ad—bc#0, 


of a complex variable z with real coefficients a, b, c, d, and 
let the roots of the equation 2’=z be real and different for 
any element of F. Then all accumulation values of z’ for 
any fixed z, the substitution running over the whole group 
F, are real. In fact, the author uses the unit circle of the 
z-plane instead of the real axis as fixed circle for F, but 
evidently that makes only little difference in the statement 
of the theorem. The idea of the proof is that a hyperbolic 
substitution, which gives a fixed line element of the non- 
euclidean plane a displacement of small amount, can only 
rotate it slightly. The order of magnitude of displacement 
and rotation is taken account of by means of elementary 
geometry. In the case of an abelian F, where the solutions 
of the equation 2’ =z are common to all elements of F, this 
character of “discontinuity” outside the real axis is evi- 
dently not necessarily fulfilled. J. Nielsen. 


Proia, Lina. Sui gruppi finiti di omografie piane. Rend. 

Sem. Mat. Roma 3, 215-238 (1939). [MF 1903] 

Das Problem, alle endlichen Kollineationsgruppen der 
Ebene aufzustellen, wird im Anschluss an die Behandlung 
der analogen Frage fiir die Gerade durch Enriques-Chisini 
erschépfend behandelt. Der Ausgangspunkt der Unter- 
suchung bildet eine diophantische Gleichung zwischen der 
Ordnung der Kollineationsgruppe und den Vielfachheiten 
der Einheitspunkte. Ihre Diskussion wird erméglicht durch 
Herleitung von Satzen iiber die endlichen Kollineations- 
gruppen der Ebene. Diese werden hiemit nach den geome- 
trischen Invarianten klassifiziert, und fiir die Ordnung der 
Gruppen ergeben sich gewisse Einschrankungen. 

J. J. Burckhardt (Ziirich). 


Schmidt, O. J. Wher die Frobeni 
(Doklady) Acad. Sci. URSS (N.S.) 26, 3-5 (1940). 
[MF 1972] 

Frobenius [S.-B. Preuss. Akad. Wiss. 1901, 1216-1230] 
proved the following theorem: If G is a transitive permuta- 
tion group of degree n, whose elements except 1 permute 
all or all but one of the symbols, then the elements which 
permute all the symbols constitute with 1 a normal sub- 
group F of order n. L. Weisner [Duke Math. J. 5, 84-87 
(1939) ] stated that F is always commutative. The author 
shows that this statement is not correct. As a counter ex- 
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ample, he uses the group G defined by P?=(Q’ = R’=T*=1; 
(P, Q)=1; (P, R)=1, (P, T)=P*, (R, Q)=P, T)=OP, 
(R, T)=R, where (A, B) denotes the commutator AB. 
Further, it is proved that F is commutative if and only if 
the given permutation group contains no irreducible rep- 
resentation of G more than once. R. Brauer. 


Lombardo-Radice, Lucio. Intorno alle algebre legate ai 
gruppi di ordine finito. II. Rend. Sem. Mat. Roma 3, 
239-256 (1939). [MF 1904] 

Let G be a group of finite order g, and let p be a prime 
divisor of g. The author studies the radical N of the corre- 
sponding group ring A formed with regard to a field I of 
characteristic p. For an element y=Za,h of A (h ranging 
over the elements of G, a, in I), the following necessary 
conditions must hold, if y belongs to N: 

aig=0, ag=0, 


tin P iin P 


where g is an arbitrary element of G, and P denotes the 
subset of those elements of G whose order is a power of . 
On the other hand, if S;, S2, ---, S; are the p-Sylow sub- 
groups of G, the conditions 


j in & jin & 


for every q in G and \=1,2,---,/, are sufficient that 
= Za,h belong to N. Some cases are studied in which these 
necessary and sufficient conditions for radical elements be- 
come identical. If G is a p-group, the elements h—1 (h¥1, 
in G) form a basis of N. This is equivalent to Dickson’s 
theorem that the 1-representation is the only irreducible 
modular representation of a p-group. R. Brauer. 


Suetuna, Zyoiti. Uber die Zerlegung der Gruppencharak- 

tere. Jap. J. Math. 16, 63-69 (1939). [MF 1105] 

Let @ be a finite group and let $’ be a normal divisor of 
@ such that the factor group G/H’ is a congruence group 
modulo p (where p is a prime greater than 2). Let this 
congruence group be generated by the two linear trans- 


formations 
(z, z+1), (z, w*z), 


where w is a primitive root mod p and g divides p—1. Let 
¥ be a simple character of ’ (character of an irreducible 
representation of §’) and suppose that amongst the con- 
jugate characters of y exactly the characters ¥(p‘cp-*) 
(¢=0, 1, ---,m—1) are different (where divides h= p—1/g). 
Further let 5=9'+'p+---+'p*". The author shows 
how to find those simple characters of $ which contain y. 
His result enlightens the following theorem, which he proved 
in a former publication [J. Reine Angew. Math. 177, 6-12 
(1937) ]: Let & be a solvable number field of degree p and 
let K be a normal number field containing k. Suppose G 
to be the Galois group of K and let 5 be the subgroup of 
@ belonging to &. Further let ’ be the subgroup of G which 
belongs to the normal field k’ determined by k. Then there 
are no multiplicative relations between the Artin L-functions 
of K with respect to k. H. D. Kloosterman (Leiden). 


Coxeter, H.S. M. A method for proving certain abstract 
groups to be infinite. Bull. Amer. Math. Soc. 46, 246- 
251 (1940). [MF 1826] 

The group generated by two elements r and s subject to 
the relations : (1) (2) (r—'s)*=1; 

(3) (r'sr is shown to be of order 24m‘; and this 


implies that the groups defined by the relations (1) of 
(1), (2) are infinite. Similarly, it is shown that the group 
generated by two elements u and v subject to the rela. 
tions : (4) =v? = (uv)* = (u—"vuv)*=1 ; (5) 
(6) ((uv)‘v)**=1, is of order 48n‘; and t’is implies that the 
groups defined by the relations (4) or (4), (5) are infinite. 
R. Baer (Urbana, Iil.). 


Stypanoff, P. Sur les congruences de systémes d’ éléments 
d’un groupe. C. R. (Doklady) Acad. Sci. URSS (N.S) 
25, 99-102 (1939). [MF 2064] 

Complexes S and ©’ in a group © are said to be con- 
gruent modulo a subgroup © if and only if the right cosets 
HS and HS’ are equal. This congruence is used to establish 
a criterion for the existence of a normal subgroup in a group: 
Given a group G, a subgroup §, two complexes S and G 
and an invariant complex Y. If for every A of UW we have 
SA=GC’ (mod H) and HG is a proper subset of G, then G 


contains a proper normal subgroup. M. Hall. 
Morosoff, V. V. Sur les groupes primitifs. Rec. Math. 
N. S. [Mat. Sbornik] 5 (47), 355-390 (1939). (Russian. 


French summary) [MF 2307] 

L’auteur étudie les représentations primitives des groupes 
abstraits, c’est-d-dire, leurs représentations sous la forme 
de groupes primitifs de transformations. On obtient les 
résultats suivants: 

Il n’existe que trois classes de groupes primitifs dans R,: 
(1) Les groupes contenant un diviseur normal résoluble. 
On les obtient en ajoutant au groupe des translations un 
groupe linéaire irréductible et d’ailleurs arbitraire. On donne 
une méthode pour construire tous les groupes linéaires non 
réductibles dans R,, c’est-A-dire, une méthode pour obtenir 
tous les groupes primitifs linéaires de premiére classe dans 
R,. (2) Les groupes dont chacun est un produit direct de 
deux groupes simples. Les groupes de cette classe peuvent 
étre obtenus comme produits directs d’un groupe adjoint 4 
un groupe simple arbitraire et de son groupe inverse. Il ya 
un type de groupes de cette nature dans Rany2) (n=1), 
Racen—1) (n2=4), Ru, Riss, Ras et deux types dans 
Racen+1) (22). Un cas exceptionnel est celui de Rio qui con- 
tient un type et de R7s qui contient trois types de groupes 
de cette classe. (3) Les groupes primitifs simples. Sans 
étudier complétement les groupes de la troisiéme classe 
l’auteur se borne a la considération des groupes primitifs 
simples G contenant des opérateurs d’ordre supérieur 4 1, 
dont le sous-groupe stable est régulier, et le groupe linéaire, 
irréductible. Dans ce cas il existe dans le sous-groupe I du 
groupe G un opérateur Hy par rapport auquel |’équation 
caractéristique du groupe n’a que trois racines différentes 
0, +1, et d’ailleurs tous les opérateurs du premier ordre 
appartiennent a la racine 0, celles d’ordre 0 appartiennent 
4 la racine 1, donc se réduisent a des translations, et celles 
du deuxiéme ordre appartiennent a la racine +1. Inverse- 
ment, dans le cas de l’existence d’un tel opérateur, G admet 
une représentation primitive. Les représentations de ce type 
possédent des groupes simples A, dans R, et Ryoi1)(-» 
(s<n), D, dans Rens, Ba dans Reni, Ca dans 
Rinwn+t), Ee dans Rig et E; dans R27. Les opérateurs de ces 
représentations sont donnés par les formules (6, 11), (6, 12), 
(6, 13), (6, 14), (6, 15), (6, 16), (6, 23) et (6, 28). 

Dans le dernier paragraphe on construit tous les groupes 
primitifs dans les espaces 4 n=4 dimensions, 4 savoir les 
résultats classiques de Lie concernant R;z et Rz, et les ré- 
sultats obtenus précédemment par I’auteur pour Rx. 

Author's summary. 
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Golowin, O. N. On factors without centres in direct de- 
compositions of groups. Rec. Math. N. S. [Mat. Sbor- 
nik] 6 (48), 423-426 (1939). (Russian. English sum- 
mary) [MF 1948] 

For groups in which every descending chain of invariant 
subgroups is finite a well-known theorem of Krull-Schmidt- 
Kurosch states that any two decompositions of such a group 
Ginto a direct (necessarily finite) product of indecomposable 
factors differ only by a central automorphism of G (an 
automorphism of G is central if it is permutable with each 
inner automorphism of G). Korinek extended this theorem 
to any group G whose center satisfies the above chain con- 
dition. Since such a group is not necessarily decomposable 
into a direct product of indecomposable factors, the theorem 
of Korinek is stated in the following form: any two finite 
direct decompositions of G have centrally isomorphic sub- 
decompositions. In the present paper it is shown that the 
theorem of Korinek holds also for infinite direct decom- 
positions of G. The proof is based on a general theorem 
to the effect that, if G is an arbitrary group, two given direct 
decompositions of G have centrally isomorphic sub-decom- 
positions provided each of the two decompositions has at 
most one factor without a center. In addition to the main 
result, it is also proved, for arbitrary groups G, that cen- 
trally isomorphic decompositions exist whenever each of the 
two given direct decompositions of G has a factor which 
contains the center of G. This condition is satisfied, for 
instance, if the center of G is indecomposable. 

O. Zariski (Baltimore, Md.). 


Sagastume Berra, Alberto E. Paramorphisms of a group. 
Univ. Nac. La Plata. Publ. Fac. Ci. Fisicomat. Revista 
(2) 2, no. 127, 170-184 (1940). (Spanish) [MF 1728] 
The writer considers a set of elements which forms a group 

G relative to a multiplication “-”’ and a group G relative 

to another multiplication “Xx,” and forms the function 

P(U, V)=(U- V)-(UX V) (where A~ is the inverse of A 

in G), so that UX V=U-V-P(U, V). The associative law 

and the existence of the inverse and identity in G imply 
certain relations involving the function P(U, V); and, con- 
versely, any function P(U, V) of element pairs over G satis- 
fying these relations determines a multiplication ‘X<”’ with 
respect to which the elements of G form a group G, called 
pseudomorphic with G. A paramorphism is a special pseudo- 
morphism obtained in this way: let + be a one-to-one 
mapping of G on itself such that X-U=X-X*, and define 

P(U, V)=P(X-X*, Y- ¥*)=(X-X*- Y- ¥*)-1-X- (X- ¥)*. 

The paramorphisms of G are the only pseudomorphisms 

which are automorphisms of G. He examines the group of 

these paramorphisms (which is isomorphic with the group 
of permutations of the elements of G), and gives a number 
of relations among certain of its subgroups. 

H. S. Wall (Evanston, IIl.). 


Van der Lijn,G. La définition fonctionnelle des polyndmes 
dans les groupes abéliens. Fund. Math. 33, 42-50 
(1939). [MF 1560] 

Let G and G’ be infinite abelian groups and suppose G’ 
contains no element of finite order. Let f be an additive 
transformation from G to G’, that is, f(a+b)=f(a)+/(0). 
Let A.f=f(x-+-w) —f(x). Then f will be called a polynomial 
if (4.)"*f=0, and a monomial if (A.)"*f=n!f(w). The prin- 
cipal result of this paper is that, if f is a polynomial, then 
there is an integer m such that mf is a sum of monomials. 

F. J. Murray (New York, N. Y.). 


ITY OF ARKANSAS 
LIBPA 


Van der Lijn, Gaston. Les abstraits. I. Bull. 

Sci. Math. 64, 55-80 (1940). [MF 2011] 

This paper presents a somewhat amplified version of the 
paper reviewed above and also the result that for each 
monomial f(x) there exists a function g(x, ---,x,) linear 
in each x; and such that f(x) = ¢(x, ---, x). 

F. J. Murray (New York, N. Y.). 


Abe, Makoto. Uber Automorphismen der 

ten abelschen Gruppen. Proc. Imp. Acad. Tokyo 16, 

59-62 (1940). [MF 2214] 

Let G, H be locally compact abelian groups satisfying the 
second axiom of countability ; G*, H* their mod 1 character 
groups; R(G) the ring of continuous endomorphisms of G; 
I(G) the group of continuous isomorphisms of G onto itself. 
It was shown by Atuo Komatu [Jap. J. Math. 13, 493-500 
(1937) ] that R(G) and R(G*) are inverse-isomorphic. The 
present author topologizes R(G) as the group of G-characters 
of G, thus making it a topological ring, and similarly for 
R(G*). Then the inverse isomorphism is topological (prin- 
cipal theorem), and J(G) is topologically inverse-isomorphic 
to I(G*). If A* is the annihilator in G* of a subgroup A of 
G, A and A* are either both characteristic subgroups or 
both not characteristic. It is stated that arguments like that 
of the principal theorem give: (1) the H-character group of 
G and the G*-character group of H* are topologically iso- 
morphic; and (2) if E is a regular Banach space, E its con- 
jugate space, R(Z) the ring of all bounded linear operators 
in E, then R(ZE) and R(E) are isometrically isomorphic. 

W. W. Flexner (Ithaca, N. Y.). 


Pontrjagin, L. Homologies in compact Lie groups. Rec. 
Math. N. S. [Mat. Sbornik] 6 (48), 389-422 (1939). 
(English. Russian summary) [MF 1947] 

A full exposition of results announced in C. R. Acad. Sci. 
Paris 200, 1277-1280 (1935), and C. R. (Doklady) Acad. 
Sci. URSS 1, 433-437 (1935). The homology groups of the 
following Lie groups are computed : A,=unitary unimodu- 
lar group of order n, B,=real orthogonal group of order 
2n+1, C,=unitary symplectic group of order 2n, D, =real 
orthogonal group of order 2m. The Poincaré polynomial of 
an m-manifold is }>o"pit‘, where p; is the ith Betti number. 
In each of the above cases this polynomial has the form 


(1-H) (L+H), 


where d;=2i+1 for A,, d;=4i—1 for B, and C,, d;=4i—1 
(t=n—1), d,=2n—1 for D,. For the real orthogonal group 
H,, of order m, all torsion numbers are equal to 2. If q; is 
the number of these of dimension i, the polynomial }°qi‘ 
of H,, is [(1+#)(1+#) --- where 
fm is the Poincaré polynomial of H,,. There is no tor- 
sion in A, and C,. The proofs are mainly combinatorial 
in nature. For example, in A, a cycle Q is found having 
intersection number 1 with A,_,:¢A,. Every cycle in A, is 
proved to be homologous to a cycle in A,_: plus a cycle of 
the form TXQ, where T is a cycle of A,_; and the map of 
T XQ in A, is defined by the group multiplication. A simple 
proof is given that the Betti numbers of locally isomorphic 
compact Lie groups are equal. Since any compact Lie group 
has a compact covering group which is a direct product of 
simple groups, a method is at hand for computing the Betti 
numbers of any compact Lie group once those of simple 
groups are known. Outside the above enumerated simple 
groups, there are five exceptional simple groups whose Betti 
numbers are not yet known. N. E. Steenrod. 
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Garnier, René. Sur la transformation des dérivées se- 
condes dans les transformations de contact et les trans- 
formations ponctuelles. Bull. Sci. Math. 64, 12-32 
(1940). [MF 1975] 

Let G be the group of all contact transformations which 
coordinate the elements P = (x, y, z, p, g) and P’=(x’, y’, 2’, 
p’, 7), and let T be one of the elements of this group. Each 
surface through P defines second derivatives r,s, ¢. Let 
r’, s’, # be the corresponding values when T is applied. It is 
known that the connection between r, s, ¢ and r’, s’, #’ can be 
given in the following way : Let the projective coordinates of 
two points of a linear R, be defined by (a) x; : x2 : x3 : x4 : Xs 
=1:7:5:¢:rt—s* and similarly for (x1', x2’, x3’, x4’, xs’). 
Then 


(b) xi’ = Dcure, 4, k=1, 2, 3, 4, 5. 


The equations (b) define a linear transformation of R,, 
which, because of (a), transforms the manifold x1%5—x2x, 
+<x;?=0 in itself. Let L be the group of all linear trans- 
formations for which this manifold is invariant. The prob- 
lem of this paper is to prove that each element of L can be 
generated by an element of G. The precise formulation of 
the theorem is: Let Gy be the subgroup of all elements of G 
which leave r, s, ¢ invariant; then the factor group G/Gp is 
isomorphic with L. A second theorem refers to the group g 
of all point transformations which transform x, y, 2, p, g into 
x’, y’, 2’, p’, q. Let go be the subgroup of all elements of g 
which leave r, s, ¢ invariant ; then it can be proved that g/go 
is isomorphic with a subgroup / of L; this group / is the 
group of all linear transformations of 1, s,¢# (linear, non- 
homogeneous group). In order to prove these theorems, the 
author uses a real basis of the group L, the elements of which 
basis correspond to elements of G. For this purpose the 
equation x4x;—X2%,+x;"=0 is replaced, by a transformation 
of the coordinates, by a sum of squares, and the problem is 
to find such a basis of the group of the corresponding 


orthogonal transformations that all the elements of the 
basis can be generated by contact transformations con- 
tained in G. E. Helly (Paterson, N. J.). 


Krasner, Marc. La loi de Jordan-Hélder dans les hy- 
pergroupes et les suites génératrices des corps de 
nombres P-adiques. Duke Math. J. 6, 120-140 (1949). 
[MF 1548] 

A system H of elements a, 5, --- and one operation is a 
hypergroup provided: (i) the product ad is a non-vacuous 
subset of H; (ii) a(bc) = (ab)c, where a(bc) means the totality 
of elements in the products ad, debc; (iii) a7H=Ha=H for 
every aell. If ab is single valued for all a, 6, H is a group. 
Other important special hypergroups consist of the cosets 
(left, central or right) of non-invariant subgroups of a group 
with the usual multiplication of cosets. Hypergroups were 
first defined and studied by Marty [Huitiéme Congrés des 
Mathématiciens Scandinaves, Stockholm, 45-49 (1934)], 
They are called multigroups by Dresher and Ore [Amer. J. 
Math. 60, 705-733 (1938) ] who introduced many concepts 
and terms used in the present paper. For example, a sub- 
hypergroup of H is reversible in H if mzeaym,, ah, 
implies the existence of such that myeayme, and 
similarly for m2zem,a,;. The author calls # infra-invariant in 
H if hch& he ch for every ceH. If H is a finite group, ha 
subgroup, this coincides with invariance, but is not equiva- 
lent to invariance when H is an infinite group. The author 
calls a series Ho, H;, ---, H, of sub-hypergroups of H an 
infra-normal series from H, to H, if Hix: is reversible and 
infra-invariant in H;, i=0, ---,2—1. He introduces several 
other new concepts and proves a Jordan-Hélder theorem 
for infra-normal series under hypotheses which are equiva- 
lent to those for the ordinary J-H theorem when H isa 
group, but which are less restrictive than those imposed by 
Dresher and Ore in their J-H theorem for hypergroups. The 
applications to p-adic fields are to appear later in the same 
journal. R. Hull (Vancouver, B. C.). 


GEOMETRY 


*Amodeo, Federico. Origin and development of projec- 
tive geometry. Publ. Inst. Mat. Univ. Nac. Litoral 1, 
no. 3, 217 pp. (1939). (Spanish) 

Translation of the Italian book reviewed in these Rev. 1, 

165. 


Winternitz, Arthur. Zur Begriindung der projektiven Geo- 
metrie: Einfiihrung idealer Elemente unabhangig von 
der Anordnung. Ann. of Math. (2) 41, 365-390 (1940). 
[MF 1819] 

The author gives a set of axioms for three-dimensional 
projective geometry using “point” and “plane”’ as the only 
undefined elements and “incidence” as the only undefined 
relation. The properties of spaces (with especial interest in 
those which may be thought of as finite in extent) which 
require that they be subspaces of projective spaces are dis- 
cussed. An example of a non-Desarguesian space defined in 
terms of “number"-pairs from a non-associative and only 
one-side-distributive algebra shows that Hilbert’s axioms of 
“connection” for a three-space are insufficient to require 
that a space be immersible in a projective space. Several 
methods for strengthening these hypotheses sufficiently to 
require this immersibility are discussed. A brief historical 
note concerning the point of view is appended. 

J. L. Dorroh (Arkadelphia, Ark.). 


Steck, Max. Das schwache E.P.-Axiom und die Beweise 
der Anordnungsaxiome. Math. Ann. 117, 195-196 
(1940). [MF 2153] 

Proofs of Hilbert’s four axioms of order [Grundlagen der 
Geometrie, 7. aufl., 1930] have been given by H. Liebmann 
[Beweise der Anordnungsaxiome im Rahmen der syntheti- 
schen Geometrie, Math. Ann. 111, 64-67 (1935) ] on the 
basis of a set of axioms developed by the latter in his Syn- 
thetische Geometrie [Leipzig, Berlin, 1934] which avoids 
the notion of order. Defining a point B of a line g to be 
between points A and C of g provided the pairs A, C and 
B, gXg.= U are pairs in an elliptic involution on g, axiom 
II.1 of Hilbert is obviously satisfied. The derivations of 
axioms II.2-II.4 make use of Liebmann’s E.P.-Axiom [loc. 
cit., p. 37] by virtue of which the assumption of “inner” 
(elliptic) points (e.P.) with respect to a conic entails the 
existence of “outer” (hyperbolic) points and (points on the 
conic) parabolic points. The paper under review points out 
that for the proofs of axioms II.1-I1.3 the following weak- 
ened form of the E.P.-Axiom suffices: Let K, be any non- 
degenerate conic. In addition to parabolic and hyperbolic 
points with respect to Ke, there exists at least one elliptic 
point. (A point is called “elliptic” when all lines through 
the point have two distinct points in common with Kz) 
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The author observes that the weak E.P.-Axiom is not suffi- 
cient, however, to derive the (Pasch) axiom II.4. 
L. M. Blumenthal (Columbia, Mo.). 


Reidemeister, Kurt. Die Transitivitét der Winkel- 
kongruenz. Jber. Deutsch. Math. Verein. 49, Abt. 2. 
74-75 (1940). [MF 1221] 

A. Rosenthal [Math. Ann. 71, 257-274 (1912)] proved 
that, in the first edition of Hilbert’s Grundlagen der Geo- 
metrie, the axiom which states that the relation of congruence 
between angles is transitive is a consequence of the other 
axioms and can be omitted. The author gives a simpler 
proof of this result, by proving first that all right angles 
are equal. The transitivity property is then a consequence 
of the first theorem on congruent triangles (the case of two 
sides and the included angle). O. Frink. 


Bachmann, Friedrich. Stufen der absoluten Geometrie. 
Die Frage nach der Unabhangigkeit der Anordnung. 
Math. Ann. 117, 197-234 (1940). [MF 2154] 

In this paper the author continues his study of plane 
absolute geometries based upon a set of incidence, orthog- 
onality, and (weak) congruence axioms [Math. Ann. 113, 
424-451 (1936) ; 113, 748-765 (1937) ]. It follows from the 
first of the above-mentioned papers that each plane abso- 
lute geometry is a sub-geometry of a plane Cayley geometry 
(that is, a plane projective geometry over a field K in which 
a metric is introduced with the aid of a ternary quadratic 
form). An additional axiom selects those absolute geome- 
tries whose groups of motions are isomorphic with the full 
group of the corresponding Cayley geometries. These are 
called absolute geometries of the first rank. Introducing 
further (congruence) axioms, higher ranks of absolute ge- 
ometries are defined. The algebraic significance of this 
hierarchy of absolute geometries is investigated. 

Calling a geometry orderable provided it admits a notion 
of betweenness satisfying Hilbert’s axioms of order, it is 
shown that an ordinary (that is, non-Euclidean) absolute 
geometry G is orderable if and only if the corresponding 
plane Cayley geometry C may be so ordered that the domain 
of realization in C of the absolute geometry G is convex with 
respect to this order. There are orderable as well as non- 
orderable absolute geometries of the first rank, and hence 
the axioms of order are independent of the axioms of these 
geometries. L. M. Blumenthal (Columbia, Mo.). 


Jenks, Frederick P. A set of postulates for Bolyai- 
Lobatchevsky geometry. Proc. Nat. Acad. Sci. U. S. A. 
26, 277-279 (1940). [MF 1805] 

It has been proved, by Menger, that all the concepts of 
the Bolyai-Lobatchevsky geometry can be defined in terms 
of the operations “joining” and “‘intersecting.”” A complete 
foundation of non-Euclidean geometry by substituting into 
the ordinary postulates Menger’s definitions of the concepts 
“between,” “parallel,” etc., would make these postulates 
very cumbersome. The author, therefore, tries to establish 
some simple direct postulates concerning the two operations, 
from which the plane non-Euclidean geometry could be 
developed. The definitions of betweenness and parallelism 
given by the author differ from those originally given by 
Menger in that they avoid the use of “maximal triangles.” 
Given three distinct points A, B, C, it is said that B lies be- 
tween the two other points A and C if every line through B 
intersects at least one line of each pair of intersecting lines 
which pass through A and C, respectively. Two non-inter- 


secting lines a and b are said to be parallel if there exists a 
point P such that through P there is at most one line which 
meets neither a nor 6. The author assumes eight postulates 
from which the whole theory of order and parallelism in plane 
non-Euclidean geometry can be derived. E. Helly. 


Blaschke, Wilhelm e Terheggen, Hans. Trigonometria 
hermitiana. Rend. Sem. Mat. Roma 3, 153-161 (1939). 
[MF 1900] 

The elementary plane trigonometry of an elliptic Her- 
mitian geometry is developed in this paper. A point in a 
Hermitian plane is given by its three homogeneous coordi- 
nates (x9, x1, x2) which are assumed to be complex numbers. 
The scalar product of two points is defined, in the usual 
way, as 


(x, 9) 


where y, and § are conjugate complex numbers. The dis- 
tance 6 of two points is given by 


(x2) (yg) 


The fundamental formulas are obtained by means of the 
well-known Lagrange identities and using the concept of a 
“catena normale” (normal chain), defined as the set of all 
points p satisfying the equation p=x cos r+-y sin r, where 
(x%)=1, (xg) =0, (yj) =1 and is a real parameter. 

E. Helly (Paterson, N. J.). 


cos? @ 


Richmond, H. W. An extension of de Longchamps’ chain 
of theorems. Proc. Edinburgh Math. Soc. (2) 6, 78-84 
(1939). [MF 1519] 

Through each of » points A, B,C, D, E,--- taken at 
random in a plane a line is drawn of random direction, but 
no two of them parallel. (i) Any two of these points, say 
A, B, and the meet of the lines through them define a circle 
S(AB), center (AB). (ii) Any three of the points, say 
A, B, C, define three such circles S(BC), S(CA), S(AB). It 
is found that these circles have a point P(ABC) in common. 
The three centers (BC), (CA), (AB) lie on a circle S(ABC), 
center (ABC). (iii) Any four points, say A, B, C, D, define 
four circles such as S(ABC) and four centers such as (ABC). 
It is found that these four circles have a point P(ABCD) 
in common, and their centers lie on a circle S(ABCD), 
center (ABCD). (iv) In the same way five points determine 
five circles which have a point in common, and their five 
centers lie on a circle, and so on, indefinitely. The proofs are 
based on the use of complex coordinates. The author gives 
a valuable historical sketch of the problem. 

N. A. Court (Norman, Okla.). 


Douglas, Jesse. Geometry of polygons in the complex 
plane. J. Math. Phys. Mass. Inst. Tech. 19, 93-130 
(1940). [MF 1777] 

The paper treats generalizations of the following elemen- 
tary theorem: If on each side of any triangle as base an 
isosceles triangle with 120° as vertex-angle is constructed 
(always outward or always inward), then the vertices of 
these isosceles triangles form an equilateral triangle. To 
announce the results we use the following notation : An n-gon 
is a system of points in the complex plane in a definite cyclic 
order. An n-gon is a regular polygon of the w?-type if it is 
similar to (1, w?, ---,@~»”), where w=e***/*, Finally, we say 
the n-gon r’=(P,’ --- P,’) originates from r=(P; 
by the construction S(a) (a0, 1) if the triangle (Px, Px+1, 
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P,’) is directly similar to (a, 1,0) for k=1, 2, ---, m, Pass 
=P,. The main theorem reads then as follows: Starting 
with an arbitrary n-gon x, let the construction S(w™) for 
m=1,2,---,n—1, except be performed successively 
in any order, giving the n-gons x’, x”, ---, «®-®). The x” 
is a regular n-gon of the w®-type which (including position) 
does not depend on the order in which the constructions 
S(e™) were applied. In case p=1, the polygon xr” will 
be a regular polygon in the ordinary sense, and one thus 
gets a true generalization of the theorem on triangles stated 
in the beginning. 

We call furthermore x an affine regular n-gon of the 
w”-type if a regular polygon of the w?-type can be trans- 
formed into x by a (possibly degenerate) linear transforma- 
tion. One then has: Starting with an arbitrary n-gon x we 
perform successively in any order the »—3 constructions 
S(e") for m=1, ---, n—1, except p and n—>, so obtaining 
the sequence of n-gons x’, x”, ---, Then is an 
affine-regular n-gon of the w?-type and does not depend on 
the order of the constructions S(w™). The paper concludes 
with some interesting theorems on the factorization of cer- 
tain affine constructions into similitude constructions S(a,). 

H. Busemann (Baltimore, Md.). 


Baron, H. Nachtrag zur Erweiterung des Satzes von 
Desargues. Monatsh. Math. Phys. 49, 53-54 (1940). 
[MF 2129] 

Concerning the author’s article in the same journal 45, 

335 (1937) and 46, 377 (1938). 


Calapso, Riccardo. Intorno ad un esempio di tessuto 
esagonale. Atti Accad. Peloritana 41, 149-150 (1939). 
[MF 1333] 

It is well known that the straight lines through the ver- 
tices of a triangle generate a hexagon web within the tri- 
angle. If properly worded, the theorem is projectively 
invariant and must therefore admit of a proof in synthetic 
projective geometry. Such a proof is provided in this note 
on the basis of the fundamental theorem of plane projective 
geometry. From an axiomatic point of view it would be 
desirable to have a derivation which makes use only of the 
uniqueness of the fourth harmonic point, since the state- 
ment is presumably valid under this less restrictive assump- 
tion [see Bol, Math. Ann. 114, 414-431 (1937) ]. 

M. A. Zorn (Los Angeles, Calif.). 


Maeda, Jusaku. On a certain system of straight lines in 
skew position. Téhoku Math. J. 46, 84-90 (1939). 
[MF 1171] ° 
The paper deals synthetically with some line configura- 

tions, the following proposition being a specimen. Four 

straight lines a, b, p,q determine generally two common 
intersectors p’, g’. Let p,q be, in turn, the intersectors of 
the five quadruples among five given straight lines while 

a, b are fixed ; then the ten p’, g’ belong to the same regulus. 

A. E. Mayer (London). 


Dasgupta, P. N. On linear complexes related to a group 
of six points in 3-space. Bull. Calcutta Math. Soc. 31, 
95-99 (1939). [MF 2231] 

If any ordered set of five points a, b, c, d, e in a projective 
R; is given, a linear complex can be obtained such that the 
null-plane of b is (abc), of ¢ is (bcd), and so on. The author 
ascribes this theorem to Turnbull [J. London Math. Soc. 2, 
233-240 (1927) ], but it was known by v. Staudt and has been 
used by many authors [cf. Veblen and Young, Projective 


Geometry, vol. 1, p. 319, and Reye, Geometrie der Lage, 
3. Aufl., vol. 2, p. 168]. The object of the present paper is 
to study the relationship of the linear complexes of this type 
obtained from an ordered group a, b, c, d, e, f of six points 
in the R;. Let k, be the linear complex belonging to the 
pentagon bcdef and hk, k., ---, respectively, the complexes 
corresponding to acdef, abdef, ---. Then the conditions for 
apolarity of k, and & are studied, and further the directrices 
of the six linear congruences, which are the intersections 
of every two adjacent complexes of the ordered group 
Ra, kp, Re, ***- E. Helly (Paterson, N. J.). 


Haenzel,G. Geometrie und Wellenmechanik. Die Ope- 
ratoren der Diracschen Wellengleichung, ihre geome- 
trische Struktur und Bedeutung. Jber. Deutsch. Math. 
Verein. 49, 215-242 (1940). [MF 1216] 

In Part I of this paper the author explains the signif- 
cance of Eddington’s 4-rowed complex matrix operators E, 
where E?=1 (i=1,2,---,5) and E,E,=—E£,E; 
with regard to Dirac’s wave equation for a single electron, 
considering also two sets of such operators E;, F; in the two 
electron problem. Writing and Ex=iEyiEu, we 
obtain 15 operators Ex which fall into 6 sets of 5 operators, 
each operator appearing twice. All 5 operators in a set 
P; (i=0, 1, ---, 5) have a common subscript, and EZ,y?=1, 
EgEu= (k#!). It is convenient to introduce a six- 
teenth matrix Ey.=1. 

In Part II the author considers a set of 6 null correla- 
tions, or linear complexes I’, (a=0, 1, ---, 5), where I,J; 
is an involutory collineation; clearly, 
ols The real or imaginary 
matrices in Part I correspond to hyperbolic or elliptic in- 
volutory collineations Z.,. A Kummer surface has 16 tan- 
gent planes, each touching it at every point of a conic, and 
we may suppose that all these planes are real; of the 16 
double points of the surface, 6 lie on each such conic. These 
16 points and planes constitute a Kummer configuration, 
and are interchanged under the abelian group Gi of involu- 
tory collineations EZ, which leave the Kummer surface 
invariant. Representing these 16 planes by the symbols 
(i, k=0,1,---,5) and in the plane mis we have a 
conic and on it the six double points P; (i=0, 1, ---, 5); 
the remaining 15 planes meet 7i¢ in the 15 lines joining the 
points P;. If these 15 lines are represented by the symbols 
Ex, the Pascal line of the hexagon P,P; --- Ps being Ey, 
all the relations between Eddington’s operators may be read 
off from the figure. The two electron problem leads to two 
Pascal configurations in the plane 71s, one being obtained 
from the other by a rotation through an angle w about an 
external point in the plane. The interpretation of the oper- 
ators Ey in terms of the involutory collineations which 
leave a Kummer surface invariant had been given by 
Zariski [Amer. J. Math. 54, 466-470 (1932) ]. 

In Part III the definition of a Kummer surface as the 
locus of the singular points of a quadratic complex, that is, 
points where the cone of the complex degenerates into a pair 
of planes, leads to another interpretation of the Eddington 
operators. Among the «! quadratic complexes which give 
rise to the Kummer surface, there are 6 linear complexes, 
each counted twice. These 6 linear complexes may be taken 
to be the To, ---, I's of Part Il, where 

G. deB. Robinson (Toronto, Ont.). 


Deaux, R. Homographies racines carrées d’une homogra- 
phie ternaire. Mathesis 53, 277-286 (1939). [MF 1272] 
Etant donnée une homographie ternaire non identique 


we 
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w, il s'agit de construire les homographies ternaires x telles 
que x*=w. Une homologie générale posséde ©? racines non 
homologiques, tandis que une homographie non homolo- 
gique ne posséde aucune racine carrée ou en posséde un 
nombre fini. Dans cette note toutes les raisonnements 
relévent de la géométrie pure. J. Haantjes. 


Deaux, R. Réciprocités racines carrées d’une homogra- 
phie ternaire. Mathesis 54, 49-59 (1940). [MF 2006] 
Modifying the problem of the preceding review, the 

author discusses the problem of finding a projectivity x 

such that x*=w. In the introduction the author says, in 

part: “On établit que toute homographie 7; est le carré de 

«! réciprocités que l’on construit, ainsi que leurs coniques 

d'incidence, par les seules ressources de la géométrie pro- 

jective pure et plane od interviennent les imaginaires de 

yon Staudt. Enfin on détermine parmi les 7; celles qui ad- 

mettent au moins une homographie comme racine carrée.” 
N. A. Court (Norman, Okla.). 


Weitzenbick, R. Ueber lineare Linienkomplexe bei vier 
Geraden im Ry, Nederl. Akad. Wetensch., Proc. 43, 
316-324 (1940). [MF 1911] 

Every three straight lines in a linear space R, of four 
dimensions have one transversal line. In this paper the 
theorem is proved that there are, in a given Ry, ©? linear 
complexes passing through four general straight lines and 
the four transversal lines of every three of these lines. Three 
of these linear complexes are specialized. The focal points 
of the other complexes form a plane. The paper is an inter- 
esting contribution to the theory of the projective invariants 
of lines in the Ry. The problem, to find the general linear 
complex covariant to four lines 1, 2, 3, 4, is expressed as a 
problem of the theory of invariants: find the most general 
projective invariant of five straight lines, which is linear 
with respect to the coordinates of one of the lines. The 
author proves: the complexes, which are covariant to four 
lines and their four transversals, form a system 


12, 14 +A2A 4+ 14, 23=0, 


where A,,12,34=0 is the specialized linear complex, which 
consists of all the straight lines that meet the plane of inter- 
section of the two three-dimensional spaces determined by 
the lines 1, 2 and 3, 4. E. Helly (Paterson, N. J.). 


[ Weitzenbick, R. Ueber affine Invarianten bei Kegel- 
schnitten. Nederl. Akad. Wetensch., Proc. 43, 159- 
167 (1940). [MF 1589] 

Weitzenbick, R. Zur Affingeometrie der im 
Nederl. Akad. Wetensch., Proc. 43, 168-178 (1940). 
[MF 1590] 

1. The author considers the relative and the absolute 

invariants, for affine transformations, of a central conic and 

a straight line. There are two such absolute invariants which 

can be taken to be the areas of the triangles ABC and DBC, 

where B, C are the points of intersection of the line with the 
conic, A is the centre of the conic, and D is the pole of BC. 

By an ingenious use of symbolic methods the author works 

out expressions for the areas of the two segments into which 

an ellipse is divided by the chord. Such expressions are given 
explicitly in terms of the two absolute invariants. The limit- 
ing case furnishes a formula for the segment of a parabola. 

2. A plane which cuts an ellipsoid divides it into two 
segments, the ratio of whose volumes is invariant for affine 
transformations. The methods of the first paper are used 
to deal with this problem, and explicit formulae are given 


for such volumes in terms of the two absolute affine invari- 
ants (there being exactly two such). The simplest pair prove 
to be the cones whose common base is the conic section 
made by the plane, and whose vertices are, respectively, the 
centre of the ellipsoid and the pole of the base with regard 
to the ellipsoid. Analogous results are obtained, with suit- 
able modifications, for the hyperboloid of two sheets and 
for the elliptic paraboloid. The treatment in both these 
communications forms an instructive sequel to the work of 
Archimedes, Huygens and J. Gregory on quadratures of 
segments and sectors. H. W. Turnbull (St. Andrews). 


Convesities, Inequalities 


Blumenthal, Leonard M. and Robinson, Charles V. A new 
characterization of the straight line. Rep. Math. Collo- 
quium (2), no. 2, 3 pp. (1940). [MF 2138] 

The authors show that a complete, convex, externally 
convex metric space containing at least two points is con- 
gruent with the straight line if, and only if, it does not 
possess an equilateral triple. J. L. Dorroh. 


Pauc, Chr. Sur la relation entre un point et une de ses 
projections sur un ensemble. Revue Sci. (Rev. Rose 
Illus.) 77, 657-658 (1939). [MF 1678] 

Soit Z un ensemble fermé de l’espace euclidien 4 k dimen- 
sions (k=2) contenant plus d’un point. Soit Q(x) l'ensemble 
des points de E dont la distance du point x est égale a la 
plus courte. L’auteur étudie l'ensemble Q-'(p) des points x 
avec pc Q(x). Cet ensemble est fermé et convexe, étant 
l’intersection de certains demi-espaces fermés; si ~#p’, 
Q-(p) et Q-(p’) ont au plus en commun des points fron- 
tiéres. L’auteur donne des conditions nécessaires et suffi- 
santes pour que p soit intérieur 4 Q-(p) (p point isolé de Z), 
que Q-'(p) soit borné (p intérieur 4 l’enveloppante convexe 
de E) et que Q-(p) contienne plus d’un point. [Le traite- 
ment de la derniére question dans la proposition VI n’est 
correct que dans le cas od |’enveloppante convexe du con- 
tingent de E dans le point considéré y est proprement 
convexe. Dans les autres cas “est” doit é@tre substitué 
dans cette proposition par “contient.” Les mots “‘d’ordre 
u(So)<k—1”" sont alors superflus; la conséquence 1 de ce 
théoréme est 4 changer d’une maniére correspondante ; les 
deux autres conséquences sont correctes. ] La derniére partie 
du travail discute le cas k=2 plus profondément. La note 
ne contient pas de démonstrations. P. Scherk. 


Fejes, L. Uber einen geometrischen Satz. Math. Z. 46, 

83-85 (1940). [MF 1482] 

Let Se, ---, Sa, be a sequence of point sets con- 
sisting of 2, 3, ---, +1, ---+ points of a plane, respectively, 
and let all of them be situated in a region whose area is T. 
Then, from every set S,, a pair of points can be selected so 
that, d, being the distance between the two points, 

2-3! 


lim sup nd,25 
E. Helly (Paterson, N. J.). 


Fejes, L. Eine Bemerkung zur tion durch 
n-Eckringe. Compositio Math. 7, 474-476 (1940). 
[MF 1876] 

Let C be a convex curve. Polygons with m (m=5) sides 
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can be inscribed and circumscribed to C such that the corre- 
sponding areas /,, 7, satisfy the inequality 


n—2 
The proof is based on a previous result of E. Sas [Compo- 
sitio Math. 6, 468-470 (1939) ]. G. Szegé. 


Szekeres,G. Ein Problem iiber mehrere ebene Bereiche. 
Acta Litt. Sci. Szeged 9, 247-252 (1940). [MF 1230] 
The author gives an elementary proof of the follow- 

ing conjecture of G. Griinwald: Let M be a plane set 

consisting of a finite number of continua, |M| its (two- 

dimensional) measure, M, the orthogonal projection of M 

on a straight line of direction a, | M,| its (linear) measure 

and d= max, | M,|. Then 


(1) | M| 


F. A. Behrend (London). 


v. Sz. Nagy, Béla. Uber ein geometrisches Extremal- 
problem. Acta Litt. Sci. Szeged 9, 253-257 (1940). 
[MF 1231] 

For notation, see the preceding review. The author proves 
the following generalizations of Griinwald’s conjecture: Let 
m=min, |M,|, 


1 
(1) a-— f | M.|da, 
then 
(2) (%—m)?) 


(equality holds only if M is a circle or the convex extension 
of two congruent circles). By (2) 


(3) | M| 
4 


A corresponding inequality holds for sets M in the n-dimen- 
sional space R,, consisting of a finite number of continua: 


K, 
A, 


2" 


(4) 


where | M|, are the (n-dimensional) measures of M and 
the unit-sphere in R, and the mean Y is to be taken over all 
directions of R,. F. A. Behrend (London). 


Favard, J. Sur le probléme traité par MM. Szekeres et 
B. de Sz. Nagy. Acta Litt. Sci. Szeged 9, 258-260 (1940). 
[MF 1232] 

The results of Szekeres and de Sz. Nagy [cf. the two 
preceding reviews] are represented in a more systematical 
form which, as the author remarks, seems to have the ad- 
vantage of indicating where possible generalizations (that 
is, inequalities between | M| and the measures of m-dimen- 
sional, instead of linear, projections) should be attempted. 
It is sufficient to consider sets M in R, consisting of k 
convex sets C;,---, C,. Let C;,i,...4; denote the convex 
extension of C;,, C;,, ---, Ci, C’ the vector set of C (that is, 
the set of all points x—y, where x, y range independently 
over the points of C). The common part of all sets 


where hi, eee, Ro» Regs ke is any per- 


mutation of 1, ---, & (+ denotes vectorial addition), is a 
convex set I’, and |f'|22*|M|. Also |f.|=2|M.| for all 
projections, and the results of Szekeres and de Sz. Nagy 
immediately follow from the classical isoperimetric inequalj- 
ties applied to I. F. A. Behrend (London). 


Hornich, Hans. Bemerkungen zu einer allgemeinen Up- 
gleichung fiir Kurven. Monatsh. Math. Phys. 49, 105- 
108 (1940). [MF 2133] 

Generalization to m dimensions of results previously ob- 
tained by the author for »=2 [Monatsh. Math. Phys. 47, 
432-438 (1939) ; see these Rev. 1, 158]. If C is a rectifiable 
curve of length L in n-space, the volume of the set of points 
of distance not greater than d from C is not greater than 
LV,1(d)+ V.(d), where V,(d) is the volume of a sphere of 
radius d in n-space. Conditions for equality are given, 
analogous to those in the case n=2. F. John. 


Nyberg, Michael. An elementary proof that the regu- 
lar n-gon has maximum area and circumscribed circle 
among all n-gons inscribed in a circle, and minimum area 
and circumscribed circle among all n-gons circumscribed 
to a circle. Norsk Mat. Tidsskr. 22, 14 (1940). (Nor. 
wegian) [MF 2288] 


Geppert, Harald. Uber einige Kennzeichnungen des 
Kreises. Math. Z. 46, 117-128 (1940). [MF 1485] 
Miyatake [T6hoku Math. J. 45, 244-248 (1939) ] gab den 

Satz an: Wenn jede Sehne der vorgegebenen Lange 2L auf 

einer Eilinie C stets den gleichen Bogen S abschneidet, so 

ist C ein Kreis. Der Verfasser bemerkt dass diese Behaupt- 
ung ohne weitere Voraussetzungen nicht richtig sein kann, 
und beweist unter anderem den folgenden Satz: Kann man 
in einer Ejilinie C eine Sehne der vorgegebenen Lange 2L 
so herumfiihren, dass sie stets den gleichen Bogen S (oder 

den gleichen Flacheninhalt J) abschneidet, und ist dabei S 

nicht die Halfte des Umfangs der Eilinie (beziehungsweise 

J nicht die Halfte des Flacheninhalts von C), so ist C ein 

Kreis. Kann man in C eine Sehne der festen Lange 2L so 

herumfiihren dass sie stets den gleichen Bogen oder Flachen- 

inhalt abschneidet, und dabei mit der Kurve stets denselben 

Winkel bildet, so ist C ein Kreis. 

Zindler hat [Monatsh. Math. Phys. 31 (1921) ] diejenigen 
Eilinien C betrachtet bei denen alle den Umfang halbieren- 
den Sehnen die feste Lange 2L haben. Der Verfasser unter- 
sucht einige Eigenschaften solcher Kurven, insbesondere ihre 
Doppelnormalen und Scheitel. T. Kubota (Sendai). 


Beretta, L. e Maxia, A. Insiemi convessi e orbiformi. 
Univ. Roma e Ist. Naz. Alta Mat. Rend. Mat. (5) 1, 1-6 
(1940). [MF 2165] 

A detailed account of properties of plane convex figures, 
in particular of orbiforms. References are given to numerous 
papers that have appeared since the publication of the 
“Theorie der konvexen Kérper’’ by Bonnesen and Fenchel. 
It is not possible to quote all the results, among them some 
new ones, included in this paper. The authors start out with 
a discussion of various properties related to convexity, for 
example, local convexity; hyper-convexity; “external con- 
vexity”’ (the authors call a set “externally” convex if itis 
part of a convex set, of which it includes the boundary; 
they prove that a set is externally convex if, for every 
external point, there is a unique furthest point of the set). 
Also, planes of support; isoperimetric and related inequalities 
(using the function of support) ; characteristic properties and 
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inequalities for curves of constant breadth ; extremal prop- 
erties of the Reuleaux triangle ; centers of curvature. Exten- 
sions of the notion of constant breadth to curves: (a) in 
space, (b) in affine differential geometry, (c) in a Minkowski 
try (the discussion of the last two types mainly follow- 
ing Siiss and Hirakawa). F. John (Lexington, Ky.). 


Dinghas, Alexander. Geometrische Anwendungen der 
Kugelfunktionen. Nachr. Ges. Wiss. Gottingen. Fach- 
gruppe I (N.F.) 1, 213-235 (1940). [MF 2116] 

Hurwitz has derived the inequalities O=(L*/4r) — F=}0 
for the isoperimetric difference of a convex plane curve C, 
using the Fourier expansion of the function of support of C 
(L=length, F=area of C, Q=area of evolute of C). The 
author proves the following generalization for a convex body 
K in n dimensions: 


Here the W; are the mixed volumes of K with an n-djmen- 
sional unit sphere S, dw the element of surface of S and P 
the ‘mean radius of curvature” on 
K; if p is the function of support of K, then 


nW,,= Sdw=surface of S, 
Spdw= f Pdw, 
nW,-2= SpPdw 


[see Bonnesen-Fenchel, Theorie der konvexen K6rper, p. 63 ; 
the first part of (1) is contained in (2’), p. 92 of that book]. 
The author’s proof generalizes Hurwitz’ proof to m dimen- 
sions, using expansions of p in terms of spherical har- 
monics, and their completeness. A generalization of (1) to 
mixed volumes of two arbitrary bodies is given. The author 
also proves that, if K is not a sphere, there are two points, 
where P takes values P; and Ps», respectivély, such that 
W.P:< W,1i<W,P:. The reviewer suggests that this is an 
immediate consequence of nW,1= {Pdw and the fact that 
P=const. only for spheres. F. John (Lexington, Ky.). 


Alexandroff, A. Uber die Oberflichenfunktion eines kon- 
vexen Kérpers. (Bemerkung zur Arbeit “Zur Theorie 
der gemischten Volumina von konvexen Kérpern’’). 
Rec. Math. N.S. [Mat. Sbornik] 6 (48), 167-174 (1939). 
(Russian. German summary) [MF 1441] 

In friiheren Arbeiten [Rec. Math. N.S. [Mat. Sbornik] 
2 (44), 947-972, 1205-1238 (1937); 3 (45), 27-46, 227-251 
(1938); vgl. auch W. Fenchel und B. Jessen: Mengen- 
funktionen und konvexe Kérper, Danske Vid. Selsk. Math.- 
Fys. Medd. 16, Nr. 3, 31 S. (1938), sowie die zusammen- 
fassende Darstellung von W. Fenchel: Uber die neuere 
Entwicklung der Brunn-Minkowskischen Theorie der kon- 
vexen Kérper, Congrés des Mathématiques a Helsingfors, 
1938] hat der Verfasser unter anderem eine ausfiihrliche 
Theorie der Oberflachenfunktion F(H,w) eines konvexen 
Kérpers H entwickelt. In der vorliegenden Arbeit wird ein 
einfacher direkter Beweis dafiir gegeben, dass die Ober- 
flachenfunktionen F(H;,) einer gegen einen konvexen 
Kérper H konvergierenden Folge konvexer Kérper Hi 
schwach gegen die Oberflachenfunktion F(H,w) konver- 
giert. Mit Hilfe dieses Satzes kénnen die wesentlichen Eigen- 
schaften der Oberflachenfunktion leicht abgeleitet werden. 

F. A. Behrend (London). 


Alexandroff, A. D. Uber konvexe Flichen mit ebenen 
Schattengrenzen. Rec. Math. N. S. [Mat. Sbornik] 5 


(47), 309-316 (1939). 

[MF 2302] 

Sei S ein konvexes Flachenstiick, das heisst, eine offene 
zusammenhangende Menge auf der Oberflache eines kon- 
vexen Kérpers. Unter der Schattengrenze auf S verstehen 
wir die Menge aller solchen Punkte von S, die in den zu einer 
Richtung parallelen Stiitzebenen an S liegen. Satz: Liegt 
jede Schattengrenze auf einem konvexen Flachenstiick S 
in einer Ebene, so ist S entweder ein Stiick einer Flache 
zweiter Ordnung, oder ein Stiick eines konvexen Kegels. 
Der Beweis dieses Satzes ist in der vorliegenden Arbeit zum 
erstenmal ohne Benutzung der Regularitatsannahmen durch- 
gefiihrt. Er ist im wesentlichen auf einer Arbeit von Gito- 
mirski “Sur les surfaces 4 frontiéres d’ombre planes” 
griindet [Rec. Math. N. S. [Mat. Sbornik] 3 (45) (1938) ]. 


Author's summary. 


Santalé, L. A. Integral geometry of unbounded figures. 
Publ. Inst. Mat. Univ. Nac. Litoral 1, no. 2, 58 pp. (1939). 
(Spanish) [MF 1656] 

Given a group of translations in the Euclidean plane 
with a two dimensional fundamental domain. A “uniform 
net” (u.n.) is a set of congruent figures in the plane which 
is transformed into itself by each translation of the group. 
The “area” and “length” of such a u.n. are the area and 
length of that part of it which lies in a fundamental domain. 
The total curvature c of the u.n. is defined in the following 
way: The part of the u.n. which lies in the domain formed 
by yu-» fundamental domains, y» in one direction and » in 
the other, may have the total curvature c(z, v). Then 

c(u, v) 
c=lim 


(Russian. German summary) 


when it exists. 

With these definitions, the author determines mean values 
and geometrical probabilities connected with the conception 
of kinematic measure [cf. Blaschke, Vorlesungen iiber Inte- 
gralgeometrie I, Hamburg Math. Einzelschr. 1936], con- 
sidering positions of figures which can be transformed into 
each other by the translations of the group as identical ; the 
discussed configurations consist of two or three figurs, one 
or two of which are u.n., fixed or movable. Most of the 
many results, including two translations of Blaschke’s ““Fun- 
damental Formula,” are the same as in the ordinary integral 
geometry. [This seems not surprising, for the integral 
geometry of u.n. is essentially integral geometry in a finite 
Euclidean 2-space.] An interesting new result is the deter- 
mination of the mean value of the sum of curvatures in the 
points of intersection of a movable curve with a fixed one 
which may be the element of a u.n. The means of trans- 
lating ordinary integral formulas to those on u.n. is a 
theorem similar to the mentioned extension of the notion 
of total curvature. 

The second part of this paper treats analogous problems 
with analogous methods and results in the Euclidean 
3-space. An appendix gives an elegant simple proof of the 
following theorem of Blichfeldt [A new principle in the 
geometry of numbers with some applications, Trans. Amer. 
Math. Soc. 15, 227—235 (1914) ]:Given a u.n. in the Euclidean 
m-space consisting of k isolated points in each of the funda- 
mental domains. Then any closed body of volume V can 
be placed by a translation in such a way that it has more 
than k Va“ points in common with the u.n. (a is the volume 
of a fundamental domain). The proof follows almost at 
once from the fact that the mean value of the number of 
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points of intersection of the u.n. with the movable body 
equals kVa™ (no rotations). The appendix also contains 
some related results. P. Scherk (New York, N. Y.). 


Algebraic Geometry 


Billing, G. and Mahler, K. On exceptional points on 
cubic curves. J. London Math. Soc. 15, 32-43 (1940). 
[MF 1802] 

Sur une cubique de genre un, on appelle exceptionnels les 
points qui donnent lieu a une succession finie de tangentiels. 
Les auteurs donnent une construction linéaire par laquelle, 
4 partir de cing points arbitrairement choisis dans le plan, 
on détermine une succession de points appartenants 4 une 
cubique. Si celle-ci est de genre un, les valeurs du paramétre 
elliptique qui les caractérisent sont les multiples positifs et 
négatifs d'une valeur fixe. Pour certaines configurations du 
groupe de cing points initials, on voit géométriquement que 
la succession se réduit 4 un groupe de 5, 6, 7, 8 ou 9 points 
exceptionnels. La construction linéaire indiquée permet de 
calculer les coordonnées homogénes des points successifs et 
d’écrire enfin la condition pour que la succession vienne se 
fermer 4 un certain moment. Pour le cas d’un cycle de onze 
points les auteurs rencontrent l’équation 
+xx3=0 que, dans le cas qu’une telle configuration de 
points exceptionnels, avec coordonnées rationnelles, existe 
sur une cubique 4 coefficients rationnels, devrait admettre 
une solution rationnelle différente de (100), (010), (001), 
(110), (111) (€quation que pour le méme objet avait été 
determinée précédemment par B. Levi [Atti Accad. Sci. 
Torino 43 (1908) ]). Par un procédé donné par Billing [Nova 
Acta Soc. Sci. Upsaliensis (4) 11, 1-165 (1937) ] ils réussissent 
a démontrer la non-existence d’une telle solution. 

B. Levi (Rosario). 


Emch, Arnold. Properties of plane elliptic cubics and 
pencils of cubics derived by the quadratic transformation. 
Monatsh. Math. Phys. 49, 55-63 (1940). [MF 2130] 
Given four coplanar points B; forming a proper quad- 

rangle. Let Ax be the vertices of its diagonal triangle. Con- 

sider the net C of cubic curves having A and B for base. 

The associated Geiser involution becomes the quadratic 

inversion with the A; as fundamental points. The equation 

of the net can be reduced to the form f= 2 pjxi(xi41—xi42) =0, 

i mod 3. For each value of the set p:, p2, ps the point P lies 

on a curve of the net, and is the first tangential of all points 

B; for the curve determined by two sets P and P’, the 

inverse of P under the quadratic inversion. The polar conic 

of the point P on this cubic is that determined by P, B,, Be, 

B;, B,. As P describes this conic, the associated cubics of the 

net all have the same modulus. From this, the author gives 

a proof of Salmon’s theorem that the cross ratio of the 

tangents to the cubic from a point on it is constant. It is 

less elegant than the original. While any cubic curve can 
be expressed by an equation of the form f=0 it is not true 
that any net can be so expressed. The Jacobian, which is 
the locus of fixed points in the general Geiser, here consists 
of the six sides of the quadrangle B. The net contains «! 
pencils determined by P, P’. These pencils each contain 

12 nodal cubics, consisting of six composite cubics, each 

squared. If P, P’ are chosen at the circular points, and one 

B at the orthocenter of the triangle formed by the other 

three, the composite cubics include a set of orthogonal 

circles. V. Snyder (Ithaca, N. Y.). 


Fano, Gino. Sulle curve ovunque tangenti a una quinticg 
piana generale. Comment. Math. Helv. 12, 172-19 
(1940). [MF 156%] 

Two plane curves of orders m, n (where mn is even) may 
be called contact curves if they touch in 4mn distinct points, 
The present paper deals with contact curves of the general 
plane quintic C*, and their connections with certain figures 
in higher space; a C® has 2015 contact conics, and 4095 « 
systems of contact quartics. The set Gis of points of contact 
of one of these systems varies in a gio on C® as the quartic 
varies in the system. The systems of contact quartics are 
of two types, according as Gy lies on a cubic or not; there 
are 2015 systems of the first type and 2080 of the second, 
The quartics of one system touching C* in the points of a 
Gio variable in a gio' form a system of index two, whose 
envelope consists of C® and a cubic touching each of the 
quartics in six points. 

A contact quartic of the first type may be obtained as 
follows. A projectivity is established between the points of 
a plane x and the planes through a line r in [4]; V* isa 
cubic primal containing r. The planes through r meeting 
V? again in line-pairs correspond to the points of a C* in z. 
A general prime meets V* in a cubic surface, represented 
doubly on x with a branch curve of the fourth order, which 
is in fact a contact quartic of the first type of C®. Varying 
the prime we get one system of contact quartics, of which 
495 break up into two conics; these arise from the 495 
quadritangent spaces of V*. By representing the sets of 
points of contact of contact quartics of a system of the 
second type by primes of [4], the author establishes a 
correspondence between the planes of [4] and the gids 
contained in the gio*. To each such gio' corresponds a cubic 
in the plane, forming part of the envelope of the ©! quartics 
whose points of contact belong to the gio!. Of the © * cubics 
so obtained «5 are rational, and these correspond to planes 
in [4] which meet a canonical curve C;*. The 496 quadri- 
tangent primes of this curve correspond to sets Gio belong- 
ing to a pair of contact conics of C* which together forma 
degenerate quartic of the system. The author also relates 
the configuration to the figure in [3] obtained by projecting 
C;° from a point of itself. J. A. Todd. 


Du Val, Patrick. The unloading problem for plane curves. 

Amer. J. Math. 62, 307-311 (1940). [MF 1765] 

It is familiar that plane curves of sufficiently high order 
exist having given multiplicities ,,---,4, at gq distinct 
points O,, ---, O,, having no other multiple point, and not 
all passing through any other one point; but this is no 
longer generally true if some of the points are in the neigh- 
borhoods of others. However, given arbitrary proximity 
relations between the points, and arbitrarily assigned multi- 
plicities h,, it is possible to find curves which formally 
satisfy the conditions for having the assigned multiplicities. 
According to the unloading principle, the actual multiplic- 
ties of such curves are given by 
(summed for a), where ||m.,|| is the proximity matrix 
[Du Val, Amer. J. Math. 58, 285-289 (1936) ], and the z's 
are integers which satisfy certain inequalities. The author 
solves these inequalities, and shows that the least value of 
each x, in all solutions provides a special solution, such that 
the system of curves so defined formally contains all such 
curves. H. S. M. Coxeter (Toronto, Ont.). 
Defrise, P. Sur certaines involutions sans points multiples 

appartenant 4 une courbe algébrique. Acad. Roy. Bel- 

gique. Bull. Cl. Sci. (5) 25, 28-32 (1939). [MF 1470] 

Soit ¢ la courbe image d’une involution y,! sans points 
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multiples existant sur une courbe f. L’auteur a étudié déja 
plusieurs fois le cas od I’involution 7,' est engendrée par un 

pe abélien de transformations birationnelles de la 
courbe f. Il considére ici un cas od I’involution y,' n’est pas 
abélienne et un cas oi elle n’est pas engendrée par un groupe 
de transformations birationnelles de f. On obtient ces cas 
en prenant une courbe y (de genre 3) possédant une +2! 
sans points doubles representée sur une courbe ¢ de genre 2 
et en méme temps une courbe f (de genre 7) possédant une 
y# cyclique sans points multiples d’image y; la courbe f 
contient alors une y.' d’image ¢; selon la nature de la 
courbe f cette ys' peut étre abélienne ou non abélienne et 
dans ce dernier cas elle peut étre engendrSe ou non par un 
groupe de transformations birationnelles de f. 

E. G. Togliatti (Genova). 


Longhi, Ambrogio. Sulle involuzioni di ordine n e specie 
n—1 in un binario. Comment. Math. Helv. 12, 
164-171 (1940). [MF 1567] 

A g.""! upon a rational curve possesses (n—1)(n—2)/2 
principal pairs, that is, pairs of points A, B such that both 
A+(n—1)B and B+(n—1)A belong to g,”"~'; moreover, the 
«! groups of points obtainable by adding to a point P the 
n—1 (n—1)-fold points of the residual gi-i of P with respect 
to g.""! constitute a system of index 2, belonging to a g,” 
which is totally contained in g,"~' when n is even. In every 
case, each principal pair of g,”"~* is neutral for g,”. Several 
applications of this result are given, among others a simple 
proof of a theorem of L. Berzolari [Boll. Un. Mat. Ital. 12, 
121-123 (1933) ]. B. Segre (Cambridge, England). 


Fischer, I. C. Projective constructions for certain alge- 
braic curves. Amer. Math. Monthly 47, 193-195 (1940). 
[MF 1923] 

If A, B, C are three general points in a plane, , and k two 
lines, and K a conic, and if the lines joining B and C toa 
variable point M of K meet h, , in Li, Le, respectively, then 
the point of intersection of L,L, and AM describes a sextic 
curve, having a quadruple point at A and double points 
and the intersections of AB with , and of AC with &. If 
the positions of }, and , are specialized, the sextic curve 
may break up into curves of lower order. J. A. Todd. 


Cherubino, Salvatore. Su l’indice di Kronecker pei cicli 
analitici sulle Riemanniane delle curve algebriche. 
Ann. Scuola Norm. Super. Pisa (2) 8, 181-194 (1939). 
[MF 2036} 

Valendosi di alcune proprieta, qui dimostrate, dell’indice 
di Kronecker per le coppie di cicli analitici sulla riemanniana 
di una curva algebrica, l’autore interpreta e ritrova le 
condizioni d’identita birazionale di due curve (Torelli) 
costruendo anche la trasformazione che porta una riemanni- 
ana su l’altra. Completa poi quelle condizioni con l’aggiunta 
si osservazioni nuove concernenti le classi di corrispondenze 
che posson contenere quelle trasformazioni. 

Author's summary. 


Hollcroft, T. R. Anomalous plane curve associ- 
ated with si surfaces. Bull. Amer. Math. Soc. 46, 
252-257 (1940). [MF 1827] 

B. Segre [Mem. R. Accad. Naz. Lincei. Cl. Sci. Fis. Mat. 
Nat. 1, 5-31 (1930)] has studied and projectively charac- 
terized the diramation curves of the general »-fold planes, 
that is, the plane curves K, which can be constructed in S; 
as the apparent contour of a nonsingular algebraic surface 
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®’, of order v, from a given point O onto a given plane r; 
he has incidentally proved that: (i) a generic K, is the 
apparent contour from O onto x of «* (and no more than 
*) 4,’s; (ii) the curves K, constitute upon x a complete 
continuous system; (iii) if »>4, this system is anomalous, 
its anomaly (or difference between its effective dimension 
and its first virtual dimension) being }(v—2)(»—3)(»—4). 
The paper under consideration tries to extend the last result 
to the case in which the %,’s have some multiple points or 
curves of given characters; however, the proof is not rig- 
orous, since it is obtained on the tacit assumption that 
(i) and (ii) still hold, which is not always true for singular 
#,’s, as can be shown by examples. B. Segre. 


Pompilj, Giuseppe. Sulla rappresentazione algebrica dei 
piani multipli diedrici. Rend. Sem. Mat. Roma 3, 194— 
214 (1939). [MF 1902] 

The algebraic surface }>2"~*g,(x, y)=0 in [3] is said to 
be represented on the n-fold plane z=0. The cases n=2 and 
the cyclic case 2*=f(x, y) have been extensively studied. 
The author extends this study to the case when the surface 
belongs to a dihedral group of order 2m. By means of 
Waring’s identity associated with powers of a binomial and 
certain linear functions of the values 2; corresponding to a 
general point x, y, it is shown that every such surface can 
be expressed in the form y) — q(x, y) =0 and its 
Galois resolvent, as a polynomial in gz, is 


Since these surfaces are birationally equivalent, this latter 
equation is the form to which the equation of every such 
surface can be reduced. For n=3, an interesting illustration 
is furnished by the plane involution of points in a plane 
defined by the net of quartic curves through 13 (dependent) 
base points, first discussed by Howe [Amer. J. Math. 41, 
25-48 (1919) ]. The image surface of the (2, 2) correspond- 
ence defined by this involution has ~,=6 and p“ =25, thus 
enlarging the category of such correspondences as given by 
Sharpe and Snyder [Trans. Amer. Math. Soc. 18, 402-414 
(1917) ]. V. Snyder (Ithaca, N. Y.). 


Brusotti, Luigi. Le superficie algebriche reali come modelli 
in questioni di isotopia. Ist. Lombardo, Rend. 72, 111- 
127 (1939). [MF 946] 

The purpose of this paper is to prove the following the- 
orem concerning a system = of “sheets” (falde) in a real 
projective space of three dimensions: If 2 consists of a 
finite number of closed sheets, each of which has no singular 
points and no two of which have a point in common, then 
there exists a real algebraic surface which is irreducible and 
free from singular points into which = can be isotopically 
deformed. The theorem is first proved in the case in which 
the “plane at infinity”’ can be chosen so that © is a finite 
locus, by considering the sections of = by a system of 
parallel planes. The proof is based on the consideration of 
two different types of singularity which can arise when the 
cutting plane is tangent to =. The generalization necessary 
to give the complete result is then a simple matter. 

W. V. D. Hodge (Cambridge, England). 


Bompiani, Enrico. Calotte a centri allineati di superficie 
algebriche. Atti Accad. Italia. Rend. Cl. Sci. Fis. Mat. 
Nat. (7) 1, 93-101 (1940). [MF 1740] 

In an earlier paper [Jber. Deutsch. Math. Verein. 49, 

143-145 (1939) ] Bompiani generalizes to quadric primals 

in [Rk] a formula concerning a transversal of a plane alge- 
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braic curve. In the present paper the same author gener- 
alizes the theorem to apply to an algebraic surface F, of 
order in [3]. Let a straight line r meet F, in m distinct 
points P;. Among the osculating paraboloids of F, at the 
points P; exist three independent relations. Applied to cubic 
surfaces, the three pairs of planes through r and the asymp- 
totic tangents at P; belong to an involution. The theorem 
for F, has a projective meaning, but can be readily given 
the following metric meaning: if L;, M;, N; are the coeffi- 
cients of the second differential form as to the osculating 
paraboloids at P;, w; the angle between r and the normal, 
and K; the total curvature, then 


Mall, 


Ki 
cos* COS @; COS 
V. Snyder (Ithaca, N. Y.). 
Villa, Mario. Sulle superficie quasi-asintotiche della V,° 


di S, che rappresenta le coppie di punti di due piani. 
Atti Accad. Italia. Rend. Cl. Sci. Fis. Mat. Nat. (7) 1, 
228-237 (1940). [MF 1757] 

A surface lying on a variety V; (k >2) is quasi-asymptotic 
¢,,, (0<r<s) if the osculating spaces S(r), S(s) of the V; 
and the surface, at a general point of the surface, have a 
joining space whose dimension d is less than that arising for 
a general surface on V;,. If d has the greatest possible value 
i8 Said to be of the first type; if d= of the second 
type, and so on. The author proves that the quasi-asymp- 
totic surfaces 0:2 on the variety of Segre which represents 
the pairs of points of two planes are precisely these surfaces 
which represent degenerate correspondences between the 
planes; such surfaces may be of the first, second or third 
type, and correspond to the three types of degenerate corre- 
spondence which can arise namely: (i) correspondences 
between a point P variable on a curve and a curve Q 
varying in a pencil ; (ii) correspondences in which each point 
of one fixed curve corresponds to every point of another 
fixed curve ; (iii) correspondences in which a point P is fixed 
and corresponds to any point in the second plane. In the 
first case the surface o;2 contains a pencil of plane curves, 
in the second case two such pencils, while in the third case 
it is a generating plane (or set of generating planes) of the 
variety. J. A. Todd (Cambridge, England). 


Purcell, Edwin J. A multiple null-correspondence and a 
space Cremona involution of order 2n—1. Bull. Amer. 
Math. Soc. 46, 339-344 (1940). [MF 1845] 

This paper deals with two transformations in 5;, a mul- 
tiple null-correspondence defined by two independent skew 
curves each of order m and possessing one and only one 
(n—1)-secant line, and a Cremona involution of order 2n—1 
defined by one skew curve of order m which has two (n—1)- 
secant lines. The second may be considered a special case 
of the first in which the two curves are identical while the 
two (n—1)-secant lines remain independent. 

T. R. Hollcroft (Aurora, N. Y.). 


Gandin, Renato. Intorno ad un problema di geometria 
numerativa ed alla sua in ione funzionale. Rend. 
Sem. Mat. Univ. Padova 10, 69-80 (1939). [MF 1737] 
An irreducible nonsingular algebraic curve C (of order n 

and genus ~) and 2r—i—2 generic lines being given in [7], 

there is a finite number N; of [r—2] incident to these lines 

and i-secant C. The set Z constituted by all the points 


common to these N; [r—2] and C is expressed upon C by 
the equivalence Z=aG—bK, where G and K are, respec. 
tively, a plane section and a canonical group of C, and 


i—2s 
2, | k—s-—1 
2r—2k—2 —k-—s—1 ~ 
r—k-—1 i—k-—s—1 s 


r—h—1 h-s 
—2 
r—h—2 i—h—s—2 
with [4] 
2 


The enumerative interpretation of the preceding equiva- 
lence gives at once 


k 


t—k—2s r—k—s—1 
in particular, 


r-1(—1)* /n—r—st+1\ sn-r-1 

=0 r—s—1 r—s—1 
which was already obtained by G. Castelnuovo [Rend. 
Circ. Mat. Palermo 3, 120 (1889) ]. [The paper under con- 
sideration is crammed with misprints, which it would take 
too long to indicate in detail. The principal formula itself 
[p. 74], the number (11) of which has been omitted, must 
be corrected according to the expressions of a and b given 
above ; and there are errors in (8), (10), in the definitions at 
pp. 74-75 of p, a, 8 and in the first relation of p. 77.] 

B. Segre (Cambridge, England). 


Differential Geometry 


Green, Louis. Twisted cubics associated with a space 
curve. Amer. J. Math. 62, 285-306 (1940). [MF 1764] 
Une courbe gauche I peut étre définie au point de vue 

projectif par deux équations différentielles du quatriéme 

ordre qui contiennent l'une le point variable x et l'autre le 
plan osculateur variable — de ['. On suppose que I’ n’appar- 
tient pas 4 un complexe linéaire. En partant de ces deux 
équations l’auteur introduit plusieurs systémes de coor- 
données locales pour les points et les plans osculateurs de I 
dans le voisinage d’un point O de I; il développe les 
formules nécessaires pour passer de l'un 4 l’autre de ces 
systémes; il obtient des développements en série pour les 
coordonnées des points et des plans osculateurs rapportées au 
tétraédre de Halphen et a son tétraédre dual; ces deux 
tétraédres (et le tétraédre de Sannia) sont compris dans une 
série de «? tétraédres fondamentaux qui sont liés d'une 
maniére simple a la conique et au c6ne du deuxiéme ordre 
osculateurs de I au point O. Dans cette introduction on 
retrouve une foule de résultats bien connus de la géométrie 


ip 


f 
‘ 
1 
1 


| 
| 
§ 
a 


MATHEMATICAL REVIEWS 269 


projective différentielle des courbes gauches. But principal 
du travail est la considération des 1 cubiques gauches T,, 
dépendant d’un paramétre a, qui ont au point O cing points 
communs avec I’ et des ~! cubiques gauches 7,, duales des 
précédentes. L’auteur considére surtout les surfaces formées 
par les tangentes de T et de 7,; il les coupe par un plan 
t par O et contenant ou non la tangente 4 I’ au point 
0; il étudie l’ordre du contact des deux courbes sections 
au point O; il considére aussi la figure duale. Ces questions, 
dont il éclaire les liens avec des résultats bien connus de 
Halphen et de Bompiani, le conduisent ensuite 4 étudier : 
les surfaces du deuxiéme ordre qui passent par T, et qui ont 
cing points communs avec I au point O; le lien de T, et de 
T.’, lorsque O se déplace sur I’; les courbes projections de T 
et de 7, d’une point arbitraire sur le plan osculateur de [ 
au point O; et une quantité de questions de détail qu’il n’est 
pas possible de répéter ici d’une fagon complete. 
E. G. Togliatti (Genova). 


A. J. Curves on a surface. Amer. Math. 

Monthly 47, 212-220 (1940). [MF 1926] 

The author states that the object of the paper is to give 
elementary proofs, by vector methods, of a number of 
standard theorems, which are not proved in Weatherburn’s 
Differential Geometry. The theorems and similar proofs are 
found also in Blaschke’s Differentialgeometrie I, 2nd ed., 
Berlin, 1924. W. Feller (Providence, R. 1.). 


Becqué, J. Sur l’emploi du vectoriel dans la théorie du 
triédre mobile de Darboux. Enseignement Math. 38, 
117-131 (1940). [MF 2253] 

The method of the movable trihedron of Ribaucour and 
Darboux can be coupled with the methods of the vectorial 
calculus of the Italian school. The author gives some ex- 
amples chosen from among the most elementary definitions 
of the differential geometry of surfaces. G. Fubini. 


Cernov, Nicolas M. 
paralléles. 
[MF 1657] 
If So is a surface given by r=r(u, v), a parallel surface S, 

is given by R=r(u, v)+An(u, v), where n is the unit normal 

vector to So. The problem is to find all Sp which are con- 
gruent with S, for all \. By taking the w-lines and v-lines 
as the lines of curvature on So, the conditions of congruence 
and the equations of Gauss and Codazzi define the two 
fundamental forms of So. It is shown that the only surfaces 

Sy (besides planes) congruent with their parallels are heli- 

coidal or cylindrical, the cross-section of the cylinder being 

an involute of a circle. M. S. Knebelman. 


Sur les surfaces tes a leurs 
Ann. Sci. Univ. Jassy 26, 161-182 (1940). 


Gambier, Bertrand. Surfaces admettant plusieurs réseaux 
conjugués coniques. J. Math. Pures Appl. 19, 63-82 
(1940). [MF 1992] 

Let 2; (i=1, 2, 3,4) be projective homogeneous coordi- 
nates of a point of a surface S, and let u, v be curvilinear 
coordinates on S. If 8°(pz;)/dudv=0 (e+0 is an arbitrary 
factor of proportionality), the net of the curves u=const. 
and »=const. is called a conic net of the surface. The author 
studies the surfaces S which possess at least two conic nets 
(and which obviously are a generalization of Lie’s surfaces 
of translation). These surfaces will satisfy another equation 
in which p; is a new factor of propor- 
tionality and ™, 7 are new curvilinear coordinates. This is 
the starting point of the paper (the author can suppose 


pi=1; he writes u;=x, =). The author has already made 
use of this method for Lie’s surfaces. In this paper, after 
some general remarks, he studies other particular surfaces 
which are connected with some surfaces discovered by 
F. Engel. For the most general surfaces, which possess two 
conic nets, the problem is not yet solved completely because 
it requires long calculations. G. Fubini. 


Efimoff, N. Investigation of some arithmetic invariants 
of a parabolic point of a surface. Doklady Akad. Nauk 
SSSR (N.S.) 23, 855-858 (1939). (Russian) [MF 1961] 
Let M, be a regular point of an analytic surface U and 

let M describe a small simple closed curve around M, with 

a given orientation. If M’, the image of M in the spherical 

representation of the normal to U, describes the corre- 

sponding closed circuit & times, then the index of My is +k 
if the orientation is the same and —k if it is opposite to 
that of M. This index can have the values 1,0, —1, —2, ---. 

Let p be the order of contact of U with its tangent plane 

at M, and m the number of real branches of the curve of 

contact. Among many theorems dealing with these numbers 
under deformation of U, it is shown that if index My=0, 

M, is on a parabolic line; if m=p+1, then the parabolic 

point Mg is isolated. For any surface U(M,) there exists 

an isometric one U’(M,’) such that index M,’ is either 1, 0 

or —1. If U(Mo) is continuously deformable into U’(M,’), 

if Mo is a saddle point and m remains greater than 1, then 

index M,)=index M,’. M. S. Knebelman. 


Alexander, H. W. The role of the mean curvature in the 
immersion theory of surfaces. Trans. Amer. Math. Soc. 
47, 230-253 (1940). [MF 1584] 

A positive definite form (1) gas(u', u*)du*du*, gag=£p0, iS 
said to define an intrinsic surface. It defines an immersed 
surface if functions x;(u', u*), i=1, 2,3, exist such that 
(1) is the first fundamental form of the surface defined by 
*1, X2, x3. The problem is to find immersed surfaces corre- 
sponding to given intrinsic surfaces. The author employs 
the mean curvature K,, toward setting up immersed sur- 
faces in the following manner: First, a set of necessary 
conditions (2) that K,, be the mean curvature are set up, 
consisting of two third order partial differential equations 
in K,, with coefficients depending upon gag. The tensor Qu, 
whose elements are the coefficients of the second funda- 
mental form, can be expressed in terms of K,, and gas. He is 
able to show that if K,, is any solution of (2), then the Qus 
obtained satisfies the Gauss-Codazzi equations, and a classi- 
cal theorem asserts that exactly one surface exists realizing 
the given g.s and the obtained K,, as first fundamental 
tensor and mean curvature, respectively. For some excep- 
tional gg, the conditions (2) break down, due to the vanish- 
ing of certain invariants of g.s, but in these cases the author 
has replaced (2) by other conditions (3) in K,,; a solution 
of (3) for K,, yields «' tensors Q2., and so ©! immersed 
surfaces. In a second part of the paper, the author con- 
siders possible singularities of K,,, and the corresponding 
singularities of the surface S. In particular, he investigates 
a type of singular curve C, termed an edge of regression, 
along which (a) the mean curvature is infinite, (b) the total 
curvature is finite and (c) the curves of intersection of S 
with the normal planes to C have algebraic singularities 
on C. The analytic structure and local geometric properties 
of C are first developed, and then the author studies the 
topological properties in the large of regions of S bounded 
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by edges of regression, especially in connection with the 
indices of the lines of curvature of S at umbilics. 
J. W. Green (Rochester, N. Y.). 


Courant, Richard. Soap film experiments with minimal 
surfaces. Amer. Math. Monthly 47, 167-174 (1940). 
[MF 2001] 


Graustein, W. C. Harmonic minimal surfaces. Trans. 

Amer. Math. Soc. 47, 173-206 (1940). [MF 1582] 

A minimal surface in a Euclidean space of three dimen- 
sions is harmonic if it is representable in terms of Car- 
tesian coordinates x2, x3) by an equation of the form 
U (x1, x2, x3) =const., where U(x1, x2, x3) is a harmonic func- 
tion. The problem of the determination of all harmonic 
minimal surfaces is equivalent to the problem in hydro- 
dynamics, which recently has been solved by Hamel [S.-B. 
Preuss. Akad. Wiss. 1937, 5-20], of determining all sta- 
tionary irrotational flows of a frictionless incompressible 
liquid such that the velocity along an arbitrary line of flow 
is constant along the line. The problem calls for the simul- 
taneous solution of two partial differential equations of the 
second order in three independent variables, which the 
author is able to resolve by introducing a set of three mu- 
tually orthogonal congruences of curves and expressing the 
prescribed properties of the surfaces by a suitable choice of 
the coefficients in the equations of variation of the unit 
tangent vector fields of the congruences with respect to the 
arcs of the curves. These equations of variation are inte- 
grated and all the functions U determined. The families of 
harmonic minimal surfaces turn out to be a pencil of planes 
with Euclidean axis, a family of right helicoids, a family of 
imaginary transcendental surfaces, a family of imaginary 
quartic surfaces, a family of imaginary sextic surfaces, 
families of imaginary cylinders with isotropic rulings, a 
pencil of planes with isotropic axis, and a pencil of parallel 
planes. E. F. Beckenbach (Houston, Tex.). 


Mayer, O. Sur les surfaces réglées (III). Ann. Sci. Univ. 

Jassy 26, 299-308 (1940). [MF 1659] 

If x; are projective homogeneous coordinates of a point, 
and u,v are curvilinear coordinates on a surface S, the 
equations 

(in which y and z are functions of u) define a ruled surface 
S; and the system of the lines v=const. is a system R, 
that is, the lines »=const. determine between the points of 
any two generatrices u=const. whatsoever a projective 
correspondence. The system of the asymptotic lines of S is 
R; the most general system R is defined by a Riccati’s 
equation 


dv 
acti a; functions of u, 
u 


or by an equation 
————=const., 4; functions of u. 
A210 +022 


These properties are invariant under the group G of the 
transformations 
u=u,(u), 4%, m,; functions of u. 


The author finds the invariants and the differential co- 
variant forms (under the group G) of two systems R, or of 
one system R and a given couple of lines on S. He adds some 


geometrical interpretations and gives some simple applica- 
tions to the general theory of the ruled surfaces by con. 
sidering the system R of the asymptotic lines and the couple 
of the flecnodal lines of the surface. G. Fubini. 


Weitzenbick, R. Ueber assoziierte Geraden bei Regel- 
flaichen im R,. Nederl. Akad. Wetensch., Proc. 43, 325- 
333 (1940). [MF 1912] 

In a projective four-dimensional space R,, a straight line 
“associated” with four given lines can be found. This asso- 
ciated line converges to a limit line if the given lines are 
generatrices of a two-dimensional ruled surface in the R, 
and are made to approach one generatrix. In that way, an 
associated line can be found to each generatrix of the given 
surface and these lines form another ruled surface. The 
coordinates of the lines of the given surface are supposed 
to be functions of a parameter ¢, and the problem of this 
paper is to find the coordinates of the associated lines of the 
second surface. The author has given, in an earlier paper 
[Nederl. Akad. Wetensch., Proc. 42, 248 (1939) ], formulas 
which determine a line, associated with four other lines, by 
means of projective invariants of the set of the given lines, 
The application of these formulas to the present problem is 
rather troublesome because it is necessary to use terms of 
the expansions with respect to ¢ up to the order 30. 

E. Helly (Paterson, N. J.). 


Pylarinos, O. Uber die Guichardschen Strahlensysteme. 

Math. Z. 46, 45-54 (1940). [MF 1476] 

Eigenschaften der Guichardschen Strahlensysteme (Strah- 
lensysteme, deren abwickelbare Flachen die beiden Brenn- 
flachenmantel nach deren Kriimmungslinien schneiden) 
werden ohne die allgemeine Theorie der Strahlensysteme 
bewiesen. Die Abbildung der BrennflachenmAntel aufeinan- 
der, die entsteht, wenn man die beiden Punkte einander 
zuordnet, in denen ein Strahl des Systems die beiden 
Mantel beriihrt, wird untersucht, speziell fiir den Fall, dass 
sie flachentreu ist. H. Samelson (Ziirich). 


Bachvaloff,S. Sur les couples de congruences stratifiables. 
Rec. Math. N.S. [Mat. Sbornik] 6 (48), 67-76 (1939). 
(Russian. French summary) [MF 1435] 

A pair of rectilinear congruences L,; and L, of lines /; and ); 
are said to be stratifiable if 1 surfaces 2; and also 2, can 
be constructed such that the tangent planes to 2;’s at points 
of 1, all pass through /, and similarly for the tangent planes 
to the 2,’s. With such a pair Lil, there is associated the 
congruence L; of lines /;, 1; being the common perpendicular 
to 4, and k. In this paper the author shows that, if L; isa 
given arbitrary pseudospherical congruence, L; and L, will 
always exist. If further /; cuts ), and in N; and N; so that 
the midpoint of N,N; is also the midpoint of the focal points 
of 1;, then N,N; is of constant length and the angle between 
l, and /, is constant. If the length of NiN:2 is chosen arbi- 
trarily there will be two pairs of stratifiable congruences 
(Ly’, Le’) and (L;’’, such that is perpendicular to 
and so is /,’ to 1,"’. If NiN2 coincide with the limit points of 
1s, these two pairs will coincide. M. S. Knebelman. 


Bachvaloff,S. Sur les couples de congruences stratifiables, 
liés 4 la congruence de Bianchi. C.R. (Doklady) Acad. 
Sci. URSS (N.S.) 23, 743-745 (1939). [MF 1953] 
Given a pair of stratifiable rectilinear congruences L; and 

I, with associated families of surfaces 2; and 2». Let Ls be 

the congruence of common perpendiculars to corresponding 
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elements /, and /, and let N,; and N; be the points of inter- 
section of 1; with , and k. It is proved that if the surfaces 
generated by Ni and N; belong to 2; and 2, respectively, 
then the congruence Ls is necessarily a congruence of 
Bianchi. M. S. Knebelman (Pullman, Wash.). 


Fubini, Guido. On a property of W-congruences. Ann. 

of Math. (2) 41, 356-364 (1940). [MF 1818] 

The author proves some theorems concerning W-congru- 
ences due to Hans Jonas [Math. Ann. 114, 237-274 (1937) ] 
by purely projective methods. One of these theorems may 
be stated as follows: If u=const., »=const. are the asymp- 
totic curves on the focal surfaces of a W-congruence K, 
there exist on each generator of K two points x and y which 
generate surfaces S, and S,, respectively, such that the 
osculating plane at x to u=const. (v=const.) on the surface 
S, coincides with the osculating plane at y to »=const. 
(u=const.) on the surface S,. The points x, y separate the 
focal points on the generator harmonically. The choice of 
x,y depends on one arbitrary parameter. The converse of 
the theorem is also proved. A problem is proposed on the 
last page of the paper : To find all surfaces S, in (1, 1) corre- 
spondence with a surface S, such that there exist at least 
two surfaces S, and S; such that S,, S.; S., Sy; Ss, Sz; Ss, Sy 
are the respective focal surfaces of the congruences gener- 
ated by the lines 2x; zy; tx; ty. 

The formulas at the top of page 360 should read 


x=p2+2(Az.+Bz,), y=oz+2(Az.+Bz,), 
and the last of formula (17) should read 
n=o+2(B,+Bé,). 
V. G. Grove (East Lansing, Mich.). 


Pinl, M. W-Projektionen totalisotroper Filaichen. 
Casopis Pést. Mat. Fys. 69, 23-35 (1940). (German. 
Czech summary) [MF 1937] 

§§ 5-7 of the paper, the first part of which appeared in 
the same journal [66, 95-102 (1937) ]. 


Paetz, Gerhard. Differentialgeometrie der Kugelkom- 
plexe. I. Math. Z. 45, 669-705 (1939). [MF 1407] 
Der Autor untersucht die Differentialgeometrie der Kugel- 

komplexe im konformen Raum. Zur Darstellung der Kugeln 

werden pentasphdrische und gelegentlich auch hexasphari- 
sche Punktkoordinaten mit der Bedingung 


verwandt. Fiir pentaspharische Kugelkoordinaten bilde man 
das Skalarprodukt 


= 


Nun seien x1, %2, - - +, xs dreimal stetig differenzierbare Funk- 
tionen von u!, u*, u*. Wenn man den Vektor r (x1, x2, «++, Xs) 
nach u‘ differenziert und den dadurch erhaltenen Vektor 
mit u* bezeichnet, so ist 


(G) =drdt = =Gydu‘du'. 


Der Rang der Matrix sei r. Im allgemeinen ist beim nicht 
entarteten Komplex r=3 und der Komplex heisst dann 
regular. Ist r=2, so ist der Komplex singular oder para- 
bolisch. ye, +, ¥s) sei bestimmt durch die Bedingung 


ty=0, ty =0, yy=c= +1, 


wenn der Komplex regular ist. Bezeichnet man die ko- 
variante Ableitung von r; nach u* mit fu, so wird die zweite 


Differentialform durch 
(A) =cdtdy = Hadu‘du* 

gegeben. Ein regularer Kugelkomplex wird durch Angabe 
der beiden quadratischen Formen (G) und (H) bis auf kon- 
forme Transformation eindeutig bestimmt falls Gu, Ha ge- 
wissen Bedingungen geniigen und |Gi| #0 ist. Die Theorie 
fiir den allgemeinen Fall lasst sich analog zur Theorie der 
dreidimensionalen Gebilde im vierdimensionalen nicht- 
euklidischen Raume aufbauen, indem man Kugelscharen 
und Beruhrungslinearkomplexe in Betracht zieht. Der Spe- 
zialfall r=2 wird auch diskutiert. 7. Kubota (Sendai). 


Bochner, S. Harmonic surfaces in Riemann metric. 
Trans. Amer. Math. Soc. 47, 146-154 (1940). [MF 1074] 
Dans un espace de Riemann oi la forme quadratique 

fondamentale g,_x?x* (p=1, ---, m) est définie et positive, 

l’auteur nomme surfaces harrnoniques les variétés 4 deux 
dimensions telles qu’on ait 
Axt =0, 

ot les I, sont les symboles de Christoffel, et les indices 

u et v désignent des dérivations relatives aux paramétres 

u et v d’un point de la surface. En cherchant le minimum 

d’une certaine intégrale double, on est conduit 4 chercher 

les surfaces harmoniques qui ont comme frontiére une 
courbe donnée. Pour cela l’auteur établit d’abord que si 

Edu?+-2Fdudv+Gdv* est le carré de l’élément d’arc sur la 

surface, on a E,—G,= —2F, et E,—G,=2F,; si la courbure 

riemannienne de l’espace est partout =0, on a en outre 

AE=0 et AG=0, résultat que l’auteur étend méme pour 

les variétés A plus de deux dimensions. Une suite d'autres 

résultats permet d’établir que si la courbure riemannienne 
de l’espace est =0, et si l’on a affaire 4 un contour simple 
suffisamment voisin d’un point donné, on peut trouver des 
limitations entre lesquelles sont certainement compris les 

x,* et les x,‘, en supposant que la surface cherchée existe. 

En s’appuyant sur des travaux de S. Bernstein [Math. Ann. 

69, 82-136 (1910) ], de J. Leray et de J. Schauder [Ann. 

Ecole Norm. 51, 45-78 (1934)], l’auteur en déduit que pour 

ces contours la surface cherchée existe et est unique. 

G. Giraud (Bonny-sur-Loire). 


Coburn, N. Generalized Einstein hypersurfaces of spaces 
of constant curvature. J. Math. Phys. Mass. Inst. Tech. 
19, 140-152 (1940). [MF 1779] 

This paper deals with m dimensional Riemann spaces V,, 
imbedded in an (m+-1) dimensional space of constant curva- 
ture S,,41. It is pointed out that when the principal directions 
of the second fundamental tensor of V,, exist so also do the 
principal directions of the Ricci tensor of V,, and coincide 
with those of the second fundamental tensor (proof by use 
of the Gauss equations). This result leads to an expansion 
of the second fundamental tensor in terms of the Ricci 
tensor. A particular case of this expansion, related to Ein- 
stein spaces, is discussed under the assumption that the 
metric tensor of V,, is positive definite. 7. Y. Thomas. 


Thomas, T. Y. The decomposition of Riemann spaces in 
the large. Monatsh. Math. Phys. 47, 388-418 (1939). 
[MF 69] 

The author considers a Riemann space R of n-dimensions 
and class C™ (m=finite, © or w) which is topologically 
connected and which possesses a fundamental metric tensor 
of rank n(g.g). By definition, if R is of class C™ then g is of 
class C™. Any other symmetric tensor (pag= ga) whose co- 
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variant derivative vanishes is called a metric tensor. If its 
rank is r<n, then the metric tensor is called degenerate. 
After defining a vector space V’* at any point P of R as the 
totality of linear combinations which can be formed from r 
independent contravariant vectors (basis), it is shown that 
associated with any such vector space is a symmetric tensor 
Pas at P of rank r, and conversely. Vector fields of class 
C* (sm) in the neighborhood of P, denoted by N(P), 
which define a normalized basis for V’ are then shown to 
exist. Since the tensor p is independent of any particular 
normal basis, there is defined in the intersection of two 
coordinate neighborhoods N(P) and N(Q) a single tensor p. 
A parallel vector space V’ is now defined as a space such 
that vectors of V’ at P go into vectors of V, at Q by means 
of parallel displacement along any differentiable arc C in R 
connecting P and Q. It is shown that associated with any 
parallel vector space V’ is a degenerate metric tensor p of 
rank r. Properties of parallel vector spaces are examined. 
The concept of a reducible parallel vector space V’ is then 
defined as a parallel vector space which can be expressed 
as the sum of two parallel vector spaces of lower dimen- 
sionality. 

If R is of class C* or C*, then the existence of a parallel 
vector space V* in N(P) is shown to imply the existence of 
a canonical coordinate system in N(P). Such spaces are 
denoted by R*. The forms of the degenerate metric tensors 
of V’ and the normal V*~ and also of the space metric 
tensor g are examined. It is shown that under a transforma- 
tion from one canonical coordinate system in N(P) to 
another in N(Q), the g are divided into two independent 
systems in the intersection of N(P), N(Q)[gas(x', ---, x’), 
a, B=1, 7; ---, x"), ---, 2]. Hence the 
parallel vector space V’ determines a normal decomposition 
of R* into the decomposition spaces R’ (or R*/V*) and R” 
(or R*/V*-*) with the above fundamental tensors. The next 
section is devoted to a discussion of the relations between 
decomposition spaces R*/ V’, reducible parallel vector spaces 
V’, and the reducibility of the fundamental metric tensor 
(the fundamental metric tensor is said to be reducible if it 
can be expressed as g=a+b, where a, b are metric tensors 
having ranks less than m). In the final section the concepts 
product space, complete Riemann space and reducible Rie- 
mann space are defined and discussed. Theorems concerning 
the relation between complete Riemann spaces and product 
spaces; reducible Riemann spaces and the index of R (num- 
ber of independent metric tensors in R) are obtained. 

N. Coburn (Austin, Tex.). 


Suguri, T. On the problem of class of Riemannian 

Tensor 3, 41-47 (1940). (Japanese) [MF 2203] 

A summary of the investigations on the problem of class 
of Riemannian spaces, especially by T. Y. Thomas and 
C. B. Allendoerfer. A. Kawaguchi (Sapporo). 


Muté, Yosio. On some properties of umbilical points of 
hypersurfaces. Proc. Imp. Acad. Tokyo 16, 79-82 
(1940). [MF 2218] 

Let Ni; and gi; be the coefficients of the first and second 
fundamental forms of an hypersurface V, in Riemannian 
(n+1)-space and let My=Ni;—(1/n)gi;Nug*'. Necessary 
and sufficient conditions that a point of V, be umbilical 
are obtained in tensor form involving second derivatives 
of My. J. L. Vanderslice (Bethlehem, Pa.). 


Muté, Y. On a family of curves on a hyper-surface ig 
the Riemannian space. Tensor 3, 39-40 (1940). (Japa- 
nese) [MF 2202] 

A curve in a hyper-surface V,_; in a Riemavnian space 
V, is called a line of profile if along it the absolute deriva. 
tives of the normal unit vectors of V,_: are parallel in V,_,, 
The following two theorems are proved. (1) The conjugate 
directions of the tangential directions of a line of profile in 
a Vz in V3; are parallel in V; along the line of profile. (2) If 
all geodesic lines of a V,_; in an Euclidean space R, are 
lines of profile, then any point of the V,_; is umbilical, 
provided that the rank of its second fundamental tensor 
is n—1. A. Kawaguchi (Sapporo). 


Maxia, Angelo. Varieta anoionome associate ad una tras- 
formazione dualistica. Ist. Lombardo, Rend. 72, 437- 
454 (1939). [MF 937] 

Soit T une transformation dualistique déterminée dans 
un espace affine EZ, et qui fait correspondre 4 chaque point 
P de E,, un hyperplan # qui ne contient pas en général P. 
Une variété (non holonome) X,"" est associée A T dont 
I’hyperplan tangent chaque point P est paralléle a 
A chaque direction ¢ issue de P il correspond sur x et + deux 
S,-2 paralléles, les intersections des hyperplans infiniment 
voisin x ou * dans le mouvement choisi. La correspondance 
entre les droites ¢ et les hyperplans p qui joignent les deux 
S,-2 cités est une correlation ©. Tous les hyperplans p 
passent par un point Q. La droite PQ correspond 4 = et est 
“eingeborene Richtung” de Hlavaty, la droite qui corre- 
spond a l’hyperplan paralléle 4 x et qui passe par Q est la 
normale affine de Bortolotti (la directrice de Segre). Une 
autre variété (non holonome) X,"~ associée 4 T est bien des 
points P ot la droite PQ perse + avec les plans tangents #. 
L’auteur examine les directions issues de P et qui sont 
paralléles aux directions homologues au P, les directions de 
P complanaires avec homologues de P, etc. 

S. Finikoff (Moscou). 


Schouten, J. A. and van Dantzig, D. On ordinary quan- 
tities and W-quantities. Classification and geometrical 
applications. Compositio Math. 7, 447-473 (1940). 
[MF 1875] 

Certain kinds of contra- and covariant p-vectors or 
p-vector densities as well as W-p-vectors or W-p-vector 
densities are geometrically interpreted in an affine space by 
means of the contra- and covariant vettor densities of 
weight +1 and —1. A contravariant W-p-vector density of 
weight w : p***""**» considered first by H. Weyl [Raum, 
Zeit, Materie, 4. Aufl., p. 98] is defined by the transforma- 
tion formulae 

where the A,*’ denote the coefficients of a central-affine 
transformation and A=det (A,”’). A unit of volume and a 
metric or an n-dimensional orientation are introduced. Then 
the following eight cases of imbedding of an X,, in an X, 
are investigated : (1) pure imbedding without any auxiliary 
assumptions, (1’) imbedding with exterior orientation, 
(2) rigged imbedding, (2’) rigged imbedding with exterior 
orientation, (3) imbedding with normalization and exte- 
rior orientation, (3’) imbedding with normalization with- 
out orientation, (4) rigged imbedding with normalization 
and exterior orientation, (4’) rigged imbedding with normali- 
zation without orientation. Finally there are generalizations, 
without proof, of Stokes’ formulae for ordinary quantities 
and W-quantities. A. Kawaguchi (Sapporo). 
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Sasaki, Shigeo. On the theory of surfaces in a curved 
conformal space. Sci. Rep. Téhoku Imp. Univ., Ser. 1. 
28, 261-285 (1940). [MF 1707] 

This paper deals with the conformal theory of hyper- 
surfaces in a general conformal Riemann space. The work is 
based on the invariant theory initiated by T. Y. Thomas 
and summarized in “The Differential Invariants of Gener- 
alized Spaces” [Cambridge University Press, 1934, chap. 4, 
pp. 66-83 ]. A fundamental conformal tensor is defined over 
the hypersurface which permits the construction of those 
conformal invariants relative to the hypersurface which 
have previously been considered in the imbedding space. 
Much of the paper is devoted to the construction of certain 
fundamental conformal vectors. It ends with the conformal 
analogue of the Gauss-Codazzi equations. While exact de- 
tails are difficult to describe due to the formal character of 
the paper, this work appears to be worthy of serious study 
by anyone interested in the conformal theory of surfaces. 

T. Y. Thomas (Los Angeles, Calif.). 


Levy, Harry. Conformal invariants in two dimensions. I. 
Casopis Pést. Mat. Fys. 69, 50-56 (1940). (English. 
Czech and German summaries) [MF 1939] 

Der Verfasser findet einen Algorithmus, mit welchem es 
gelingt, die Konforminvarianten der Kurven auf einer 
Flache durch rekurrente Formeln anzugeben. Dies ermég- 
licht ihm, die Konforminvarianten von zwei Kurven zu 
studieren, wenn sich diese Kurven in einem Punkte in 
beliebiger Ordnung beriihren. Author's summary. 


Yano, Kentaro. Conformally separable quadratic differ- 
ential forms. Proc. Imp. Acad. Tokyo 16, 83-86 (1940). 
[MF 2219] 

A Riemannian space V, is said to be conformally separable 
into two components if 


ds*= p(u*) far(u*)dutdu+ 
A=1,---,m; a,b, c=1, +++, m;4,j,k=m+1, ---, n. 


The author proves that such separability is necessary and 
sufficient that the subspaces V,_,, (u*=const.) and the or- 
thogonal V,,’s (u*=const.) be totally umbilical provided 
n—m>1,m>1. This is analogous to a theorem of Bompiani 
regarding ordinary separability and the property of being 
totally geodesic. Also it is proved that if the original space 
is of constant curvature so is each of the two components. 
J. L. Vanderslice (Bethlehem, Pa.). 


Barnett, I. A. and Reingold, H. Invariants of a system of 
linear homogeneous differential equations of the second 
order. Duke Math. J. 6, 141-147 (1940). [MF 1549] 
E. J. Wilczynski, in his treatise ‘“Projective Differential 

Geometry of Curves and Ruled Surfaces” [Teubner, Leip- 
zig, 1906, Chapter IV], employed the Lie theory of infinite 
continuous transformation groups to calculate the differen- 
tial invariants of a system of two second order linear homo- 
geneous differential equations under projective transforma- 
tions of the two dependent variables. With the additional 
aid of matrix theory, the authors claim to have arrived at 
an easier and more elegant solution of Wilczynski’s problem 
and of other more general problems. The following is one 
of two main theorems proved by the authors. Let 


dy; 
Liz) — +E 


(written as y’ +Ly’+My=0) be a system of n linear homo- 
geneous differential equations of the second order, for 
n=2, 3, 4. Suppose that the variables y; are transformed by 
means of 


(*) yi(x) = s(x) Kij(x)nj(x). 


Then, if we define G=2L’—4M+L*, U=2G’+LG—GL, 
the traces tr (G'U*) (l=1,2,---,m; k=0,1,---,m—1), 
tr (U*), for n=2, 3,4, are a system of m*+1 independent 
functions of Gi; and U;; which remain unchanged by the 
transformations (*), and any invariant depending upon 
Li, Ly, Ly, My and My may be expressed functionally 
in terms of these n*+-1 traces. A. D. Michal. 


Johnson, Marie M. An extension of a covariant differen- 
tiation process. Bull. Amer. Math. Soc. 46, 269-271 
(1940). [MF 1830] 

The author of this paper obtains a covariant derivative of 

a tensor in generalized Finsler space. This derivative is an 

extension of one introduced by H. V. Craig [Bull. Amer. 

Math. Soc. 37 (1931); cf. also Amer. J. Math. 61, 791-808 

(1939); these Rev. 1, 29, to which the reader is referred for 

the notation]. If 72::: (x, x’, x”, ---,x™) is a tensor, then 

Craig’s covariant derivative may be written as 


where the expression with the braces is the two-index Finsler 
Christoffel symbol. The author’s extension of this derivative 
takes the form 


Rese 
OF nue 


Ox 


ar... m(m—1) aT 


The expression with the bars is of quite complicated nature. 
N. Coburn (Austin, Tex.). 


Belinfante, F. J. On the covariant derivative of tensor- 

undors. Physica 7, 305-324 (1940). [MF 1929] 

The author obtains known results for the covariant de- 
rivatives of undors (four-component spinors) by introducing 
a system of four-legs (orthogonal ennuples). In the text of 
the paper the transformations of the spinors are restricted 
by the condition of uniform representation which means 
that in every spin coordinate system the scalar components 
of the matrices y*, namely y*=h,*y* (h,* are the covariant 
components of the ennuple), are constants. The restriction 
is discussed and removed in the appendix. There it is erro- 
neously stated that ennuples have not been eliminated from 
the theory of covariant differentiation of spinors. This has 
been done by many authors [e.g., O. Veblen and A. H. 
Taub, Proc. Nat. Acad. Sci. U. S. A. 20, 85-92 (1934) ]. 

A. H. Taub (Seattle, Wash.). 


Hokari, Shisanji. Zur neuen Behandlung der Geometrie 
des Systems der gewdhnlichen Differentialgleichungen 
héherer Ordnung. J. Fac. Sci. Hokkaido Imp. Univ. 
Ser. I. 8, 47-62 (1939). [MF 2184] 

The author considers the intrinsic geometry of the system 
of differential equations 


that is, the invariant theory of the system under general 
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transformations of coordinates x and parameter ¢. Kawa- 
guchi and Hombu in previously developing this theory 
[J. Fac. Sci. Hokkaido Imp. Univ. 6 (1937) ] obtained linear 
connections involving (m>3) (m+-1)th derivatives of H* 
and (m=3) third derivatives. Basing his attack on the 
“method of variation” of Kosambi, the author finds (m > 3) 
two connections depending on mth derivatives of H* and 
(m=3) three connections depending on second derivatives. 
Here is a brief outline of the method of variation as applied 
to problems of this type. The existence of a covariant deriva- 
tive is assumed along any integral curve of the system. 
Coordinates and parameter are varied infinitesimally and 
the condition of invariance of the path curves expressed in 
tensor form by use of the assumed covariant derivative. 
Invariantive conditions placed on the evolved tensors deter- 
mine the assumed connection. J. L. Vanderslice. 


Hashimoto, Hiroshi. On the geometry of a system of 
partial differential equations of third order. J. Fac. 
Sci. Hokkaido Imp. Univ. Ser. I. 8, 163-172 (1940). 
[MF 2189] 

The invariant theory of the equations 


aur aut 


is attacked by the “method of variation” [see the Preceding 
review]. When H¢, are linear in the second derivatives, 
components of connection can be determined which define 
covariant differentiation along integral surfaces of the 
system. J. L. Vanderslice (Bethlehem, Pa.). 


Hashimoto, H. On the geometry of a system of partial 
differential equations of third order. Tensor 3, 58-42 
(1940). (Japanese) [MF 2206] 

Cf. the preceding review. 


Seetharaman, V. Methods of generating differential in- 
variants with special reference to path-spaces of order 2, 
Proc. Indian Acad. Sci., Sect. A. 11, 81-85 (1949), 
[MF 1859] 

The investigation of general ‘“‘path-spaces” by D. D, 
Kosambi [e.g., Quart. J. Math. 7, 290-293 (1936)] has 
given rise to correspondence between him and E. Cartan 
over the construction of the differential invariant theory 
[e.g., Math. Z. 37, 619-622 (1933) ]. The present paper 
clarifies a controversial point in this correspondence by 
showing for spaces of order two that the Pfaffian methods 
of Cartan and the tensorial methods of Kosambi lead to 
equivalent basic sets of invariants. J. L. Vanderslice. 
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Pastori, Maria. Il principio variazionale di Volterra e gli 
invarianti del campo elettromagnetico. Ist. Lombardo, 
Rend. 72, 301-308 (1939). [MF 927] 

The author studies in a formal manner the derivation of 
the equations of Maxwell-Hertz, by considering the varia- 
tion of an integral over space and time of a bilinear form 
in the electric and magnetic inductions. The treatment is 
analogous to one by Volterra [Nuovo Cimento 29, 147-154 
(1891) ] in which quadratic forms in the electric and mag- 
netic inductions, respectively, are used. A connection is 
pointed out with the quadratic invariants of the electro- 
magnetic tensor in relativity theory. G. C. Evans. 


Infeld, L. and Wallace, P. R. The equations of motion 
in electrodynamics. Phys. Rev. (2) 57, 797-806 (1940). 
[MF 1931] 

It is well known that in Maxwell’s theory the equations 
of motion of a charged particle are not determined by the 
field equations aloe; in this paper, as in that of P. A. M. 
Dirac [Proc. Roy. Soc. London. Ser. A 167, 148-169 (1938) ], 
the conservation laws satisfied by the electromagnetic 
energy-momentum stress tensor are examined with a view 
to obtaining suggestions as to possible equations of motion. 
It is here shown that these conservation laws imply the 
vanishing of certain 2-dimensional surface integrals, and 
that these in turn lead, on suitable choice of certain har- 
monic functions involved therein, to the equations of motion 
contemplated by Dirac. In order to mitigate the arbitrari- 
ness of this assumption, appeal is made to the general theory 
of relativity, in which the terms in question represent the 
inertial properties of matter, and which leads to the equa- 
tions of motion as consequences of the Einstein-Maxwell 
field equations. H. P. Robertson (Princeton, N. J.). 


Poritsky, Hillel. Radiation from a point charge revolving 
in a circular orbit. Philos. Mag. 28, 617-631 (1939). 
[MF 1111] 

The methods of classical electromagnetism are here used 


to obtain a “rigorous derivation of the field of a point charge 
moving with uniform velocity in a circular orbit,”’ since “the 
usually accepted conclusion regarding radiation of energy 
from an accelerating electron may be a misapprehension 
based on the approximate methods of calculation usually 
employed.” The calculations are based on solutions of the 
known differential equations for the scalar and vector poten- 
tials of the electromagnetic field, together with the equation 
of continuity connecting the charge density and its velocity. 
An alternative, classical procedure for oe the poten- 
tials is given. The fields investigated by N. S. Japolsky 
[Phil. Mag. 19, 934; 20, 417, 641 (1935)] are finally dis- 
cussed. M. Slow-Taylor (Barton-on-Sea). 


Blewett, John P. and Ramo, Simon. High frequency be- 
havior of a space charge rotating in a magnetic field. 
Phys. Rev. 57, 635-641 (1940). [MF 1664] 

A tentative theoretical discussion is given of the propa- 
gation of electromagnetic waves in an infinite cylindrical 
space containing a space charge of given stationary density 
which rotates under the influence of an axial magnetic field. 
After the relativistic treatment of the d.c. case, the case of 
superimposed perturbations is treated non-relativistically in 
first (linear) approximation. The solutions correspond to two 
types of families of waves, the first of which has no axial 
magnetic component, and which are likened to the two 
types of wave propagation in space-charge-free ‘‘hyper- 
frequency” wave guides. For the second type of wave, a 
resonance phenomenon occurs when the angular component 
of phase velocity coincides with the angular velocity of the 
space charge carriers; in this case, the first order approxi- 
mation of the three dimensional problem breaks down. 
Upon application of finite cylindrical boundary conditions, 
two types of small stationary oscillations are obtained. The 
first type, whose natural frequencies are essentially deter- 
mined by the boundary radius, is not further discussed as, 


- as = 
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in practical tubes, it leads to decimeter waves. The fre- 
quencies of the second type are proportional to the magnetic 
dc. field and represent “magnetron” oscillations. Finally, 
there is a special case of large amplitude oscillation which 
permits linear treatment. It represents waves of vanishing 
angular electric components with angular modes of space 
charge, which are stationary with respect to the carrier 
motion. H. G. Baerwald (Cleveland, Ohio). 


Miller, Johannes. Untersuchung fiber elektromagne- 
tische Hohliriume. Hochfrequenztech. Elektroak. 54, 
157-161 (1939). [MF 1043] 

The author first determines with the aid of the Max- 
wellian equations the energy-balance in a non-closed metallic 
cavity when harmonic electromagnetic waves impinge upon 
it. Then he considers the variation of the former expression 
where the frequency, the magnetic and electric field, the 
constants of the medium, the volume and surface of the 
cavity are all varied; the real and imaginary parts, repre- 
senting the dissipated and the oscillating energies, respec- 
tively, are considered separately. The supply of the power 
may also be localized in an extending part of the cavity, 
small compared with the wavelength, so that current and 
voltage considerations can be introduced. Thus, as found 
by Zobel for quasi-stationary networks, even the present 
problem shows that there exists a positive slope of the im- 
pedance of a non-dissipative cavity depending on the fre- 
quency. Considerations of the resonance curve in the neigh- 
borhood of a natural frequency of the cavity follow. Finally 
the author considers the effect of the introduction into the 
cavity of a small sphere (either dielectric or metallic) on the 
natural frequencies of the cavity. By varying the position 
of the sphere and noting the resulting changes of a natural 
frequency of the cavity, conclusions may be drawn as to 
the distribution of the electric and magnetic fields in the 
cavity. The disturbance caused by the sphere may thus also 
split up two, originally coinciding, natural frequencies of the 
cavity. B. van der Pol (Eindhoven). 


Borgnis, F. Die elektrische Grundschwingung zylin- 
drischer Hohiriume. Hochfrequenztech. Elektroak, 54, 
121-128 (1939). [MF 998] 

The author considers a metallic hollow cylinder of finite 
length, closed by parallel planes on both sides and filled 
with a dielectric medium. The electric characteristic oscilla- 
tion of such cylinders with the lowest frequency is called 
the fundamental oscillation. The conditions for the electro- 
magnetic field on the inner surfaces of the cylinders are 
derived under the assumption that they are infinitely con- 
ductive. Cylindrical spaces with circular, rectangular and 
elliptic shapes are considered. The electric field strength for 
the fundamental states of oscillation in these three cases is 
directed parallel to the circumference of the cylinder and 
at right angles to the boundary planes. In the circular case 
the differential equation to be solved is Bessel’s equation 
and the first root yields the fundamental frequency. The 
damping part of this fundamental frequency is calculated 
from the field equations obtained in the case of infinitely 
good conductivity. Curves illustrate the obtained results 
numerically. In the rectangular case trigonometric functions 
are used for describing the electromagnetic field. A proce- 


, dure similar to that in the circular case is applied and the 


numerical results are illustrated by curves. In the elliptic 
case Mathieu functions are used for the field equations and 
yield the fundamental frequency of oscillation. The damp- 


ing is not calculated for this case. No exact proof that the 
calculated natural frequencies are really the fundamental 
ones is given or even indicated. M. J. O. Strutt. 


Buchholz, Herbert. Ultrakurzwellen in konzentrischen 
Kabeln und die Hohlraum-Resonatoren in Form von 
Kreislochscheiben. Hochfrequenztech. Elektroak. 54, 
161-173 (1939). [MF 1044] 

The author starts with the statement that the research 
of the past few years regarding the conduction of electro- 
magnetic waves in hollow metallic conductors containing a 
dielectric substance does not bar the possibility that the 
usual concentric tube lines can also afford favorable means 
for conducting such waves, if proper dimensions are used. 
He therefore investigates the behavior of concentric tube 
lines on very short waves. First the different forms of elec- 
tromagnetic transmitters (built up of electric and of mag- 
netic dipoles) with axial symmetry, which may be used for 
setting up progressive waves in such tube lines, are consid- 
ered. Six different kinds of transmitters are found, three of 
each kind of dipoles. The author considers magnetic trans- 
versal waves, resulting from ring-shaped transmitters of 
axial symmetry, consisting of tangentially orientated mag- 
netic dipoles. The calculations lead to values and curves for 
the optimum wavelength, necessary for the existence of 
progressive waves with given tube dimensions. A picture of 
the resulting electromagnetic field is given. Furthermore, 
ring-shaped transmitters, consisting of tangentially and of 
axially orientated electrical dipoles, are considered. Quan- 
titative data are given regarding the necessary strengths of 
the transmitters in the above cases. The next chapter con- 
cerns obtaining the remaining three types of electrical 
waves of the six types mentioned above. The electromag- 
netic field is pictured. Finally the author considers the 
behavior of resonators for electric waves consisting of tube 
lines, as considered above. M. J. O. Strutt. 


King, Ronold. A generalized coupling theorem for ultra- 
high-frequency circuits. Proc. I. R. E. 28, 84-87 (1940). 
[MF 1455] 

The author establishes the theorem that the electro- 
motive force induced in a parallel line by a coupled oscillator 
that maintains along the two wires equal and opposite 
potential gradients is equivalent to the effect of three pairs 
of point generators of proper amplitudes and phases suitably 
situated along the line. This is an extension of a simpler 
problem treated by the same author [Proc. I. R. E. 27, 715- 
724 (1939) ], together with the correction of an error in a 
leading formula in the earlier work. R. M. Foster. 


Darlington, S. Synthesis of reactance 4-poles which pro- 
duce prescribed insertion loss characteristics including 
special applications to filter design. J. Math. Phys 
Mass. Inst. Tech. 18, 257-353 (1939). [MF 918] 

The term “reactance 4-pole”’ is used to indicate a 4-ter- 
minal transducer (an electrical network with two pairs of 
accessible terminals) composed of reactances with negligible 
dissipation. The usual methods of designing reactance 
4-poles to serve as filters (networks which transmit waves 
within certain frequency ranges and effectively block all 
others) have been based upon the process of finding a net- 
work to fit a set of prescribed transducer parameters, the 
two image impedances and the image transfer constant, as 
functions of frequency. In this paper a method is developed 
of finding a network which yields a prescribed insertion loss, 
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as a function of frequency, when it is inserted between given | are spherical polar coordinates of the same point referred to 
resistances. O; and O:, respectively, as pole. The second set of polar 


Part I deals with the determination of the open- and 
short-circuit impedances of reactance 4-poles correspond- 
ing to a prescribed insertion loss a and a given pair of 
terminating resistances R, and R;. The necessary and suffi- 
cient conditions that an insertion loss characteristic yield 
physically realizable sets of impedances are shown to be 
that the insertion power ratio e** be an even rational func- 
tion of frequency with real coefficients and be not less than 
4R,R:(Ri+R:)~. The special cases arising when one of the 
resistances becomes zero or infinite are also considered. 
Part II deals with the determination of a reactance 4-pole 
from its prescribed open- and short-circuit impedances, de- 
signed as a tandem sequence of sections of relatively simple 
structure. The proof of this theory is based upon the prop- 
erties of positive real functions as developed by Brune 
[J. Math. Phys. Mass. Inst. Tech. 10, 191-235 (1931) ]. To 
the reviewer it seems unfortunate that the details of this 
mathematical proof were omitted. The remainder of this 
second part deals with the design of the familiar ladder and 
lattice configurations of the image parameter theory, but 
with element values found by the insertion loss method. 
Part III is devoted to the choice of the particular insertion 
loss functions to be represented by networks. Use is made 
of Tchebycheff parameters similar to those introduced by 
Cauer [Math. Z. 38, 1-44 (1933) ]. Formulae are obtained, 
including both attenuation band and pass band Tchebycheff 
parameters, for a wide variety of filters. Part IV deals with 
the effect of dissipation in the network elements, and modi- 
fications in the design methods which can be made to take 
it into account. R. M. Foster (New York, N. Y.). 


Levine, S. and Dube, G. P. On the mutual electrical 
energy of two colloidal particles: General theory, using 
approximate Debye-Hiickel equation. Philos. Mag. 29, 
105-128 (1940). [MF 1468] 

When two identical colloidal spherical particles, with 
centres O; and O; at a distance R, are immersed in water 
containing an electrolyte, the potential y in the water satis- 
fies the approximate Debye-Hiickel equation (V?—«*)y=0. 
The function y is symmetrical with respect to O, and Oz, 
vanishes at infinity and satisfies certain boundary condi- 
tions on the surfaces of the particles. The mutual electrical 
energy of the two particles is then 


f 
vy 


where Q is the charge on each particle, D the dielectric 
constant of the water medium, WV the average of ¥ over the 
surface of each particle and V the space outside both 
particles. 

In two previous papers [Proc. Roy. Soc. London. Ser. A. 
170, 145, 165 (1939) ], S. Levine gave first and second ap- 
proximations to F;, but the work was rather laborious. In 
the present paper, an alternative method is given which 
enables these and higher approximations to be calculated 
more easily. The new method consists in expanding y as a 
series of the form 


where K,,,, denotes the Bessel function of the second kind 
with purely imaginary argument and 61, $1), (12, 62, $2) 


K 
(xr 


P,,(cos 62) 


coordinates is then eliminated by using well-known Bessel 
function formulae. The final result for the mutual energy F, 
is expressed as a series of which the first three terms are 
considered in detail. Both metallic and insulating particles 
are considered. E. T. Copson (Dundee). 


Blokhintzev, D. I. The Gibbs quantum ensemble and its 
connection with the classical ensemble. Acad. Sq. 
U.S.S.R. J. Phys. 2, 71-74 (1940). [MF 1930] 

This paper investigates the transition as h—0 from the 
quantum equations of change in time of the density matrix 
(q|e|¢’) describing an ensemble in quantum statistics to the 
density function f(g, p) of distribution in phase space in 
classical statistical mechanics. 

The method is to focus attention upon the mixed matrix 

eipa'ih 
| G@le 
q\ 
and the related quantity 
R(q, = (q| p| 


together with corresponding expressions for various quan- 
tum observables. The various relations of symmetry in the 
case of identical particles (occurring in the different sorts of 
statistics) are given their rendering in terms of these ex- 
pressions and a counterpart is sought in the limiting classical 
case, a counterpart which is found to be lacking, as the 
physical nature of classical systems would lead one to ex- 
pect, and as is made perfectly clear by the analysis of the 
present paper. B. O. Koopman (New York, N. Y.). 


Sakai, Takuzé. Gibbs’ canonical ensemble and the distri- 
bution law in statistical mechanics. Proc. Phys.-Math. 
Soc. Japan 22, 199-207 (1940). [MF 1897] 

This paper derives in a simple and general manner the 
usual equations of statistical mechanics, with their thermo- 
dynamical and fluctuational relations, from the starting- 
point of the assumption of a Gibbs canonical ensemble and 
with the use of the combinatorial methods appropriate to 
each of the statistics discussed (Boltzman, Bose-Einstein, 
Fermi-Dirac). Only the case of equilibrium is considered. 
The significance is mainly one of expository method. 

B. O. Koopman (New York, N. Y.). 


Chang, T.S. The number of configurations of an assembly 
with long-distance order. Proc. Roy. Soc. London. Ser. 
A. 173, 48-58 (1939). [MF 848] 

In einer friiheren Arbeit [Proc. Cambridge Philos. Soc. 
35, 265 (1939) ] wurde das Problem der Verteilung von # 
Partikeln auf N Gitterpunkte untersucht. Ziel dieses Arti- 
kels ist, die Zahl der méglichen Konfigurationen zu berech- 
nen in dem Falle, dass die N Gitterpunkte eine Uber- 
struktur vom Typ AB besitzen. Die zwei die Uberstruktur 
aufbauenden Gitter sollen dabei so ineinandergeschoben 
sein, dass zwei Punkte des selben Gitters keine nadchsten 
Nachbaren sein kénnen. Zuerst wird die Verteilungsfunktion 
ganz allgemein hergeleitet. Mit Hilfe der aus der Betheschen 
Theorie folgenden Gleichungen des Gleichgewichtes erhilt 
man daraus explizit die Funktion f(N, 4N0, 4Né’, X), 
welche die Zahl der gleichmdssigen Verteilungen von 
3N(0+0’) Partikeln auf N Platze in guter Anndherung 
angibt, wobei 4.N@ Partikeln auf dem einen und }N¢@ aul 
dem anderen Teilgitter untergebracht werden und die Zall 


J 
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der unmittelbaren Nachbaren X ist. Im letzten Teil der 
Arbeit wird diese Funktion in dem Falle exakt berechnet, 
in dem die N Platze entlang einer Linie angeordnet sind 
und die Punkte gerader und ungerader Laufzahl die Rolle 
der zwei ineinandergeschobenen Gitter spielen. Dann stimmt 
die annahernde Funktion mit der exakten genau iiberein. 
T. Neugebauer (Budapest). 


Takagi, Mitiyasu. On a statistical domain theory of ferro- 
magnetic crystals. Part I. Magnetization and mag- 
netostriction. Part II. Mutual action of magnetism and 
mechanical force. Sci. Rep. Téhoku Imp. Univ., Ser. 1. 
28, 20-127 (1939). [MF 1291, 1292] 

Der Verfasser untersucht die Frage, wie die Magneti- 
sierungsrichtungen der Elementargebiete unter der Wirkung 
der Anisotropie und des 4usseren Feldes verteilt sind, sta- 
tisch mit Hilfe der Funktion f(Z)=ae—-* ; E bedeutet hier 
die Summe der Energie der magnetischen Anisotropie und 
der Energie im dusseren Felde, also 


(1) E= —Ko(a, B, — +77’), 


wo a’, 8’, y’ die Richtung des 4usseren Feldes H und a, 8, y 
die Richtung der Sattigungsmagnetisierung J, des fraglichen 
Elementarbereiches bedeutet. \ ist eine positive Konstante, 
bedeutet aber nicht kT, da sie ja nicht thermischer, sondern 
wahrscheinlich magnetischer Natur ist. Unabhangig von 
Takagi wurde eine analoge Verteilungsfunktion auch von 
Brown [Phys. Rev. 54, 286 (1938) ] benutzt. Durch Be- 
rechnung der parallelen Komponente der Magnetisierung, 
Reihenentwicklung des Resultates und Beschrankung auf 
das erste Glied folgt 


(2) »A=—, 


wo xo die Anfangssuszeptibilitat bedeutet. Ein Vorteil dieser 
Methode ist, dass die Umklapp- und Drehprozesse nicht 
separat behandelt werden miissen. 

Zuerst werden unter der Annahme, dass f(Z) scharfe 
Maxima hat, und darum in erster Naherung nur in der 
Umgebung derselben integriert werden muss, die senk- 
rechten und parallelen Komponenten der Magnetisierung 
im kubischen System hergeleitet, dann Zusammenhange 
zwischen diesen Komponenten und der Wirkung der ent- 
magnetisierenden Kraft auf ein aus einem Ejinkristall be- 
stehendes Ellipsoid berechnet. Ist XK nicht mehr sehr gross, 
so ist die Beschrankung des Integrationsgebietes auf die 
Umgebung der Maxima von f nicht mehr ausreichend. Das 
Integral kann dann mit Besselschen Funktionen des imagi- 
naren Argumentes ausgedriickt werden. Weiter werden die 
Magnetisierungskurven im hexagonalen und die Magneto- 
striktion im kubischen und hexagonalen System und die 
Zusammenhange zwischen Magnetisierung und Magneto- 
striktion hergeleitet. Im Anhang des ersten Teiles sind die 
Besselschen Funktionen fiir die Argumente 7, 8, 9, 10, 20, 
30, 40, 50, 60, 70, 80, 90 und 100 berechnet unter gleich- 
zeitiger Angabe der von Gray und Mathews berechneten 
Werte von 1 bis 6. 

Im zweiten Teile wird auch noch eine mechanische Kraft 
eingefiihrt ; (1) muss dann noch durch die Dipolenergie, die 
elastische und die mechanische Energie erganzt werden. 
Die Berechnungsmethode ist der im ersten Teil angewen- 
deten analog. Die Anderung der Magnetisierung und der 
Magnetostriktion unter Zug und Druck, die Mechanostrik- 
tion, die Anderung des Youngschen und des Torsionsmoduls 
werden berechnet. Zuletzt wird noch die infolge der Mag- 


netisierung auftretende Dampfung besprochen und einige 
Bemerkungen iiber die Anfangssuszeptibilitat und die 
Hysteresis hinzugefiigt. T. Neugebauer (Budapest). 


Born, Max. On the stability of crystal lattices. I. Proc. 
Cambridge Philos. Soc. 36, 160-172 (1940). [MF 1717] 
It is suggested that the positive definite nature of the 

macroscopic deformation energy can be taken as criterion 

for the stability of a crystal lattice. This implies that a 

lattice, stable for long acoustical waves, should also be 

stable for short waves. This is verified for a linear lattice 
under certain assumptions regarding the forces between the 
atoms. The above stability condition can be expressed in 
the form of inequalities for the elastic constants and a new 
method is developed for calculating the latter in the form 
of lattice sums. The method is applied to the three mono- 
atomic cubic lattices assuming central forces. It is shown 
that the face centered lattice is stable, the simple lattice 
always unstable, and the body centered lattice also unstable 
except for the case that the attractive force falls off rather 
slowly with distance. It is indicated that the method might 
be used for an improvement of the theory of strength of 
crystals. L. W. Nordheim (Durham, N. C.). 


Misra, Rama Dhar. On the stability of crystal lattices. 
II. Proc. Cambridge Philos. Soc. 36, 173-182 (1940). 
[MF 1718] 

The results of the preceding paper on the stability of the 
three types of cubic lattices are verified by explicit com- 
putation of the elastic constants under the assumption of 
power laws for the attractive and repulsive central forces 
between atoms. The stability conditions can be expressed 
by the behavior of certain functions of the exponents which 
are computed numerically. It is found that the body cen- 
tered lattice is stable only when the repulsion exponent is 
less than 4 (the attractive exponent being necessarily still 
smaller). L. W. Nordheim (Durham, N. C.). 


Schrédinger, E. A method of determining quantum- 
mechanical eigenvalues and eigenfunctions. Proc. Roy. 
Irish Acad. Sect. A. 46, 9-16 (1940). [MF 1804] 

This paper describes a neat method of solving some of 
the characteristic value problems of quantum mechanics by 
expressing the second order differential operator of a prob- 
lem as the product, in different orders, of two mutually 
adjoint first order operators. Since the equation for the 
harmonic oscillator can be written as either (D—x)(D+<x)y 
+(A—1)~¥=0 or (D+x)(D—x)¥+(A+1)¥=0, either first 
order operator when applied to an eigenfunction yields a 
new eigenfunction corresponding to a new value of X. All 
eigenfunctions are obtainable in this way from any one. 
The same method may be used, after a transformation of 
variable, on the radial equation for the hydrogen atom, 
giving all the eigenfunctions and energy levels of the discrete 
spectrum with a minimum of mathematical technique. The 
method also gives more simply the results on generalized 
spherical harmonics previously obtained by the author for 
the problem of a free particle in the three dimensional hyper- 
sphere. Finally the method is applied to a new problem, 
that of the hydrogen atom in the hypersphere. The eigen- 
functions are obtained, and the energy terms are found to be 
E,=B(—1/n?+(n—1)(m+1)k*), where B is the Rydberg 
constant and k the ratio of the radius of Bohr’s first orbit 


to the radius of the universe. There is no continuous spec- 
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trum. Instead there is a dense crowding of terms near the 
region where E, becomes positive. O. Frink. 


Watson, W. H. On potential momentum and momentum 
fields in d Canadian J. Research. Sect. A. 18, 
1-21 (1940). [MF 1510] 

Based on previous work of the writer [Philos. Mag. 19, 
124-128 (1935) ] this paper deals with the specification of 
dynamical systems via potential momentum and momen- 
tum fields, and, setting out from the continuous motion 
formally identical with the meson—electron transformation, 
opens the study of systems of motions of a single particle 
defined by 


ds ds 


where F,, is not an antisymmetric tensor. Fields which, in 
addition to the usual electromagnetic effects, change the 
rest-mass of a particle moving under their action, and which 
are caused by the creation or destruction of electric charge, 
are proposed as the classical model for neutrino radiation. 
Author's summary. 


Podolsky, Boris and Branson, Herman. On the quan- 
tization of mass. Phys. Rev. 57, 494-500 (1940). 
[MF 1652] 

In the first part of this paper the solutions of the gener- 
alization of Dirac’s equations for a free electron are dis- 
cussed for spaces with metrics of the type 


(1) ds? = c*dt? — R*(t)du?, 


where du? is the metric of a three space of constant curva- 
ture and R(#) is allowed to be one of various simple func- 
tions. The method used is the same as that of the reviewer 
[Phys. Rev. 51, 512 (1937) ]. It is claimed that in some 
spaces no “satisfactory” solutions exist. In all cases dis- 
cussed no restrictions need be imposed on the mass of the 
electron. In the second part of the paper the same problem 
is attacked for the space with the metric 

(2) ds?=c* cosh? a(d6é?+sin? 6d¢*) J. 
The authors use the form of the Dirac equation given by 
Fock [Z. Phys. 57, 270 (1929) ], which can be shown to be 
equivalent to the form used in the first part of the paper. 
They then obtain an ordinary differential equation which is 
not easily solvable. A simplifying assumption is made which 
enables them to solve this equation. 

The authors attempt to prove that for this space as a 
consequence of the Dirac equation mass is quantized. They 
obtain this result from their simplifying assumption which 
in fact is equivalent to their conclusion. (Cf. footnote: “Of 
course, had the assumption Eq. (6.18) not been made, this 
quantization may not have been required.””) That the quan- 
tization of mass is not a consequence of the Dirac equation 
follows from the first part of the paper, since H. P. Robert- 
son has shown (in a private communication) that the trans- 
formation: replace tan ct/b by tan ct/b cosh a, sinha by 
sin ct/b sinh a reduces the line element (2) to the form (1) 
with R(t)=5 sin ct/b. This is one of the cases the authors 
have discussed and have shown not to require a quantization 
of mass. A. H. Taub (Seattle, Wash.). 


Jauch, J. M. and Hill, E. L. On the problem of degen- 
eracy in quantum mechanics. Phys. Rev. 57, 641-645 
(1940). [MF 1665] 

Es wird die Beziehung zwischen der allgemeinen Theorie 


der Kontakttransformationen und dem Problem der Ent- 
artung der Eigenwerte der Energie besprochen. Zu jedem 
Integral F(q:, ---, Qn; 1, ***, Pn) =const. eines Systems von 
n Freiheitsgraden mit den kanonischen Variablen 
(k=1,---,m) gehdrt eine infinitesimale Kontakttransfor. 
mation 


(1) Qa=ate(F, qk), P.=fite(F, px), 
wobei (A, B) das Poisson’sche Klammersymbol bedeutet, 


Gelingt es r linear unabhangige Integrale F;, ---, F, zy 
finden, fiir welche Relationen der Form 


(2) (F;, F..) =>, CimF, 


mit konstanten (oder nur von der Energie abhangigen) 
Cin bestehen, so erzeugen die angegebenen infinitesimalen 
Kontakttransformationen eine r-parametrige kontinuier- 
liche Gruppe, der gegeniiber der Hamiltonoperator des 
Systems invariant bleibt. In der Quantenmechanik treten 
an Stelle der Poissonklammern die (mit 1/24 multiplizierten) 
Kommutatoren, und bei Giiltigkeit der Relationen (2) bil- 
den die zu F gehérigen Matrices eine Darstellung vom Rang 
r der infinitesimalen Transformationen der betreffenden 
kontinuierlichen Gruppe. In den betrachteten Beispielen ist 
diese Darstellung iiberdies irreduzibel. 

Folgende Beispiele werden diskutiert: (A) Das H-Atom 
(dreidimensional), bekannt durch Arbeiten von Fock und 
Bargmann. (B) Keplerproblem in 2 Dimensionen. (C) 
Zweidimensionaler isotroper harmonischer Oscillator. 
Hamiltonoperator: 


H= 
Integrale: 


F2=(1/i4h) {1/ (mk!) — po”) }, 

F3=(1/i2h) ; 
Vertauschungsrelation: [F;, F,]= Fi, wo (i, k, 1) =zyklische 
Permutation von (1, 2, 3). Gruppe: Drehgruppe des 3 
dimensionales Raumes, auch zweideutige Darstellungen 
zulassig, daher auch aufzufassen als unitare, unimodulare 
Gruppe mit zwei complexen Verinderlichen. (D) n-dimen- 
sionaler isotroper Oscillator. Direkte Verallgemeinerung 
fiihrt zu m*—1 linear (aber nicht algebraisch) unabhangigen 
Integralen ausser der Energie: unimodulare unitare Gruppe 
von m complexen Variablen. Transformationen entsprechend 
Darstellung durch symmetrische Tensoren ; Grad der Dar- 
stellung 

N+n—- ') 
n—1 
zu Energieniveau const. (V+(n/2)). (E) Zwei-dimensiona- 
len anisotroper Oscillator mit kommensurablen Frequenzen. 
Hier gelingt nicht die Uebertragung der Transformations- 
gruppe von der klassischen in die Quantenmechanik. 
W. Pauli (Ziirich). 


Yvon, J. Equations de Dirac-Madelung. J. Phys. Ra- 

dium (8) 1, 18-24 (1940). [MF 1623] 

The present paper is considered by its author as an exten- 
sion to the Dirac equations of the methods employed by 
Madelung [Z. Phys. 40, 322-326 (1927)] in throwing the 
Schrédinger one-electron equation into a form in which it is 
comparable with the equations of classical hydrodynamics. 
This extension consists in effect in the derivation of certain 
tensor equations, which are consequences of the Dirac equa- 
tions, satisfied by tensor quantities constructed from the 
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components of the Dirac wave function. The actual pro- 
cedure consists in defining two scalars, the current and spin 
vectors and the antisymmetric polarization tensor as bilinear 
forms in the wave functions and their conjugates, and 
eliminating with their aid the wave functions from the Dirac 
equations ; no use is made of the spinor calculus. The result- 
ing equations are discussed for the classical limiting con- 
dition h->0, and are compared for c— with the result 
obtained by Madelung for the non-relativistic theory; no 
comparison is made, however, with the tensor formulations 
of Dirac’s equations which have been obtained by others. 
H. P. Robertson (Princeton, N. J.). 


de Wet, J. S. On the connection between the spin and 

statistics of elementary particles. Phys. Rev. 57, 646- 

652 (1940). [MF 1666] 

The author applies the Heisenberg-Pauli procedure for 
the quantization of wave fields to various wave equations, 
with especial reference to the statistics satisfied by the 
particles described thereby. He shows that the Fermi-Dirac 
quantization cannot be carried out on tehsor equations, thus 
confirming Fierz’s conclusion that a particle with integral 
spin cannot obey the Fermi-Dirac statistics; the possibility 
of subjecting particles of half-odd spin to this statistics is 
attributed to the fact that their equations are derivable 
from a Lagrangian which is linear in the derivatives of the 
wave function. Particles of any spin may be subjected to 
the Einstein-Bose statistics, but Sokolow and Iwanenko’s 
objection to this quantization in the case of spin 1/2 are 
shown to be relevant for any haif-odd spin. 

H. P. Robertson (Princeton, N. J.). 


Pauli, W. and Belinfante, F. J. On the statistical be- 
havior of known and unknown elementary particles. 
Physica 7, 177-192 (1940). [MF 1636] 

If it is assumed that the wave fields of elementary par- 
ticles can be described by “undors” (that is, spinors of 
higher rank), statements regarding the connection between 
spin and statistics can be deduced from one or more of the 
following postulates. (I) The energy is positive (that is, no 
infinite number of states of negative energy). (II) Observ- 
ables in points connected by a space-like vector always 
commute. (III) The theory is charge invariant, that is, two 
equivalent formulations are possible, in which the particles 
have charges of opposite sign. It has been shown previously 
(a) by Pauli [Rep. Congr. Solvay, 1939, in press] that for 
integer spin Einstein-Bose statistics can be deduced from 
(II), and for half integer spin Fermi-Dirac statistics from 
(I) ; (b) by Belinfante [Physica 6, 870-886 (1939) ; cf. second 
review following ] that (III) is sufficient for the same con- 
nection, if the particle is described by a single undor (all 
known particles fall into this category). It is now shown, 
for the spin values 0 and 1/2, that in the case of more than 
one undor (III) does not remain sufficient to determine the 
statistics, while (I) and (II) still guarantee the above 
connection. L. W. Nordheim (Durham, N. C.). 


Belinfante, F. J. Undor calculus and charge-conjugation. 

Physica 6, 849-869 (1939). [MF 749] 

Der Autor fiihrt zunachst die Bezeichnung ‘“Undor” ein 
fir ein System ~ von 4 Grdssen, die sich bei Lorentz- 
transformationen (eigentlichen und Spiegelungen) so trans- 
formieren, wie die Komponenten der Dirac’schen Wellen- 
funktionen. Um Irrtiimer zu vermeiden, seien hier Ab- 
weichungen der Bezeichnungen des Verfassers von den sonst 


tiblichen besonders hervorgehoben. Seine Matrices ¥ werden 
sonst mit iy bezeichnet, sodass nun y?= —1 (fiir i=1, 2, 3) 


wird (wogegen 8, a dieselbe Bedeutung haben wie sonst). 
Ferner schreibt er statt des konjugiertkomplexen Undors 
y* dann y', wenn er (im Gegensatz zu y, das eine Matrix 
mit einer Kolonne und vier Zeilen ist) als Matrix mit einer 
Zeile und vier Kolonnen aufgefasst wird. Fiir hermitesche 


a, B wird also dann Ladungsdichte und Strom yy und vay. 
Durch Einfiihrung der Matrix £, in deren Definition ein 
komplexer Faktor willkiirlich bleibt, gemass 


yi=—£y*, pL=—£6°, ££*=1 


(der Stern bedeutet stets das Konjugiertkomplexe der be- 
treffenden Matrix ohne Aenderung der Zeilen- und Spalten- 
anordnung) wird nun jedem Undor y ein neuer Undor y~ 


gemass 


zugeordnet und nach dem Vorschlag von Kramers [Nederl. 
Akad. Wetensch., Proc. 40, 817 (1937)] als “ladungs- 
konjugierter Undor’’ bezeichnet. Dem Vorschlag von Racah 
[Nuovo Cimento 14, 322 (1937) |] folgend definiert Verfasser 
das Verhalten eines Undors bei raumlichen Spiegelungen 
gemass 

da dann ¥ nicht nur bei eigentlichen Lorentztransforma- 
tionen sondern auch bei Spiegelungen sich ebenso trans- 
formiert wie ¥. Weiter wird jedem Operator F, der auf 
Undoren wirkt, ein ladungstransformierter F* zugeordnet 
gemass 

so dass F£=£F*£* 


Undoren, die speziell der Bedingung ¥“ =y geniigen, wie sie 
von Majorana [Nuovo Cimento 14, 171 (1937)] zur Be- 
schreibung nicht elektrischer (und auch nicht magnetischer) 
Teilchen herangezogen wurden, werden als ‘“‘Neutrettoren”’ 
bezeichnet. Der Verfasser geht nun weiter dazu iiber, solche 
Gréssen zu betrachten, die sich bei der Lorentzgruppe wie 
Produkte von zwei oder mehreren Undoren transformieren 
und bezeichnet sie als “Undoren zweiter oder héherer 
Stufe.”” Auch wenn man noch Symmetrisierungsoperationen 
der Indizes hinzunimmt, erhalt man so nicht die gegeniiber 
Lorentztransformationen (einschliesslich der Spiegelungen) 
irreduziblen Gréssen. Der Verfasser vermutet aber, dass die 
Undoren héherer Stufe gerade den in der Physik bené- 
tigten Gréssen entsprechen. Speziell entspricht (bei obiger 
Festsetzung iiber das Verhalten bei Spiegelungen) ein sym- 
metrischer Undor zweiter Stufe einem regu- 
laren 4-Vektor+einem 6-Vektor (schiefen Tensor), ein anti- 
symmetrischer Undor zweiter Stufe einem 
pseudo-4-Vektor, einem pseudo-Skalar+einem gewdhn- 
lichen Skalar. Auch der Begriff der Ladungskonjugierung 
wird auf Undoren héherer Stufe verallgemeinert. Endlich 
wird in Analogie zum Spinorkalkiil ein antisymmetrischer 
metrischer Undor zweiter Stufe gi:=—gm definiert, mit 
dessen Hilfe contravariante und kovariante Undoren ver- 
kniipft werden kénnen. An Stelle des Gradientviervektors 
V* tritt im Undorkalkiil ein symmetrischer Gradient Neu- 
trettor Vii. W. Pauli (Ziirich). 


Belinfante, F. J. The undor equation of the meson field. 
Physica 6, 870-886 (1939). [MF 750] 
Der Autor geht zunachst aus von den durch einen anti- 
symmetrischen Tensor &=—£,, und einen Viervektor 
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¢» beschriebenen Mesonen (u, »=0, 1, 2, 3; xe-Koordinate 
reell; m=Meson-Ruhniasse, «=mc/h) deren Wechselwir- 
kung mit einem Ausseren elektromagnetischen Feld (Po- 
tentiale —A*= —B) und mit Protonen und Neu- 
tronen (Wellenfunktionen py, Ups = — 
mit ¥+=y¥'8; Bezeichnung der y ge- 
mass voriger Arbeit) nach Yukawa und anderen Autoren 
durch die Gleichungen 


K( — = =D, ¢,—D,9,, 
«(¢+g0,) = 


c at 
beschrieben werden (“Proca-fall”’). Es wird gezeigt, dass 
sie sich umschreiben lassen in die Gleichungen fiir das Feld 


sym sym 
eines symmetrischen Undors zweiter Stufe W,.2,=Vs,,2, 
und mit Hilfe der Abkiirzungen 


n= 
{ ge) + (fo— go) 15 } — 406 yO 


die Form annehmen 


sym sym 
2ix( Vis, + ks) 


Der Autor diskutiert weiter die Verallgemeinerung dieser 
Gleichung fiir unsymmetrische Undoren zweiter Stufe: 


Qin Vas, } 


+ +8 (a D+D0)} Vx, =0. 


Dabei kann auch f,, verallgemeinert werden und enthalt 
jetzt 5 Konstante. Hierdurch tritt zu dem Teilchen mit 
Spin 1 ein weiteres Teilchen mit Spin 0 (beschrieben durch 
Pseudoskalar und Pseudovektor) hinzu. Eine solche Verall- 
gemeinerung wurde auch durch C. Mdller und L. Rosenfeld 
[Nature 143, 241 (1939)] vorgeschlagen. Ein empirischer 
Anhaltspunkt, ob sie der Wirklichkeit entspricht, liegt 
jedoch bisher nicht vor. 

Die Wellengleichung fiir ein elektrisch neutrales Meson 
lasst sich mit Hilfe eines “‘Neutrettors zweiter Stufe,” der 
durch die Bedingung 


(by, 
definiert ist, in der Form schreiben 


Die in f., auftretenden Konstanten sind hier reell zu wahlen. 
Allgemein erhalt man aus einer Lésung Y%,,., der Meson- 
gleichung fiir positiv geladene Mesonen eine andere Lésung 
wv der Gleichung fiir negativ geladene Mesonen gemiss 
WE, Dabei muss ¢ durch —e, durch 
vw, ve durch die in f.» vorkommenden Konstanten 
durch das negative ihrer konjugiert komplexen ersetzt 
werden. Ferner ist es wesentlich, dass die zweite Quanti- 
sierung der yp und yy und ihre Anticommutativitat be- 
riicksichtigt werden. Viererstrom und magnetisches Moment 
der Mesonen werden diskutiert. 

Am Schluss der Arbeit wird eine Frage behandelt, die 
von weit allgemeinerem Interesse ist als speziell die Meson- 
gleichungen, namlich die Frage nach dem Zusammenhang 
von Spin und Statistik. Diese versucht der Autor hier zu 
griinden auf das Postulat der Ladungsinvarianz: Zu jeder 


Beschreibung von Teilchen durch superquantisierte Undor- 
gleichungen soll es eine ladungskonjugierte Beschreibung 
geben, bei der gewisse Konstanten e, f, g, --- durch andere 
--- und jeder Undor durch ersetzt werden, 
Es wird hier speziell angenommen, dass jedes Teilchen nur 
durch einen einzigen Undor der Stufe N beschrieben wird 
und dass beim Uebergang zur ladungskonjugierten Be- 
schreibung speziell mit ££*=1 
gelten soll. Fordert man dann die Ladungsinvarianz der 
Lagrangefunktion (diese wird in der Form iK¥'BI,vy 
angesetzt mit B= und = (en = +1); die 
Ausdriicke fiir Energie und Viererstrom folgen aus ihr ein- 
deutig) so folgt, dass Teilchen mit ganzzahligem (halb- 
zahligem) Spin stets mit kommutativen (antikommutativen) 
Wellenfunktionen quantisiert werden miissen, entsprechend 
Einstein-Bose (Fermi-Dirac) Statistik. Dies gilt iibrigens 
auch fiir elektrisch neutrale Teilchen. W. Pauli. 


Belinfante, F. J. On the spin momentum of 
mesons. Physica 6, 887-898 (1939). [MF 751] 
Verfasser untersucht zundchst die Definition des Spin- 

momentes und der Lokalisierung der Energie durch einen 

symmetrischen Energieimpulstensor. Er geht aus von 

Feldgleichungen erster Ordnung, die aus einem Varia- 

tionsproblem 5fLd‘x=0 mit Hilfe der Lagrangefunktion 

L(q(x); Vaq(x)) bei verschwindender Variation der g(x) an 

der festgehaltenen Begrenzung des Integrationsgebietes ent- 

springen. Diese Feldgieichungen lauten bekanntlich fiir alle 

Gréssen q(x) 


Man definiert dann zundchst den kanonischen, im allge- 
meinen nicht symmetrischen Energieimpulstensor 


aL 
to=L 
aV’q 
von dem sich die Giiltigkeit der Kontinuitatsgleichung 
V’t,.=0 ableiten lasst. Ist L ein Skalar bei Lorentztrans- 
formationen und transformieren sich bei der infinitesimalen 
=—ct, die Gréssen g in einem festen Raum-Zeitpunkt ge- 
miss 6qg= op Sop Wirkend auf q, so lasst sich weiter 
fiir den Tensor —i,.,, der durch 


Vid — furl 


= = Xptret+ 


— Son) op a| 


aL 
gegeben ist, die Kontinuitatsgleichung V’i,,,=0 beweisen. 
Es bestimmt beziehungsweise 
(r, s=1, 2,3), das totale Winkelmoment beziehungsweise 
das totale Spinmoment. Der Verfasser schlagt nun vor, den 
Tensor mit sodass 
= als den physikalisch richtigen Ener- 
gieimpulstensor aufzufassen. Der Verfasser zeigt, dass in 
der Tat als Folge der Feldgleichungen 7,,=T7,, und dass 
ferner 


=0, f T = f 


und fiir das totale Winkelmoment sich ergibt 
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Im Spezialfall der Diracgleichung stimmt das so definierte 
T,, mit dem Tetrodetensor, im Spezialfall der Maxwell- 
gleichung im Vacuum mit dem Maxwelltensor iiberein. 
Der Zusammenhang des so definierten Energieimpulsten- 
sors mit dem in der Gravitationstheorie verwendeten wird 
in der vorliegenden Arbeit noch nicht untersucht. Fiir die 
Berechnung des totalen Spinmomentes ist der Ausdruck 
yon to im Allgemeinen der einfachste. Nach kiirzerer 
Diskussion des allgemeinen Falles von Undoren Nter Stufe, 


wird als Anwendung das Spinmoment der durch einen Undor 
zweiter Stufe beschriebenen Mesonen [siehe voranstehende 
Arbeit] genauer berechnet. Es wird gezeigt, dass der Zeit- 
mittelwert des Spinmomentes der Mesonen bei Zerlegung 
des Mesonfeldes in quantisierte ebene Wellen nicht ver- 
schwindet [Die gegenteilige Behauptung von E. Durandin 
und A. Erschow, Phys. Z. Sowjet Union 12, 466 (1937) ist 
somit unrichtig ], wie das auch zu erwarten war. 
W. Pauli (Ziirich). 


MECHANICS 


Pendse, C. G. Gravity and the rotation of the earth. 
Philos. Mag. (7) 29, 471-476 (1940). [MF 2175] 
Starting with equations of motion in a coordinate system 

with “‘fixed’’ axes whose origin is in the center of mass of 

the solar system, the author shows the successive steps by 

which one can obtain equations of motion referred to a 

“terrestrial frame,” suitable for terrestrial mechanics. Equa- 

tions giving the “acceleration due to gravity” as a combi- 

nation of the centrifugal acceleration with the gravitational 
intensity due to the earth are derived, and relations between 
different terrestrial frames are discussed. D. Brouwer. 


Rosenblatt, Alfred. Sur la formule de Stokes dans la 
théorie de gravité. Revista Ci., Lima 41, 527-536 (1939) 
=Actas Acad. Ci. Lima 2, 161-170 (1939). [MF 1719] 
Supposing the distribution of gravity on the earth is 

known, the author and Garcia have given [Bull. Sci. Math. 

(2) 63, 7-23 (1939) ] a method of determining the deviation 

between an assumed figure of equilibrium for the earth and 

the real figure. In the present paper the method is modified 
to take into account the difference between the astronomical 
latitude and longitude (depending on the gravity) and the 
geocentric latitude and longitude, unknown a priori. It is 
shown that Stokes’ formula [Mathematical and Physical 
Papers, vol. 2, p. 132] still holds to the first approximation. 
B. Friedman (Chicago, Iil.). 


Dynamics, Celestial Mechanics 


Zaremba, S. Réflexions sur les fondements de la méca- 
nique rationnelle. Enseignement Math. 38, 59-69 (1940). 
[MF 2250] 


Bebutoff, M. Sur la représentation des trajectoires d’un 
systéme dynamique sur un systéme de droites paralléles. 
Bull. Math. Univ. Moscou 2, no. 3, 22 pp. (1939). 
[MF 1999] 

It is known that the trajectories of a dynamical system 

M defined by a system of differential equations 


are locally homeomorphic (in a neighborhood of a point 
where the X‘ do not vanish simultaneously) with a system 
of parallel straight lines. Niemytski [Ann. Mat. Pura Appl. 
14, 275-286 (1935-36) ] has given necessary and sufficient 
conditions that these trajectories be homeomorphic in the 
large to a system of parallel straight lines. In the paper 
under review the author generalizes these results both local 
and global to the case of the “dynamical system” defined by 


a continuous one-parameter group of automorphisms f(, #) 
of a separable metric space M. The fundamental theorem 
is this: If M is locally compact, then condition (A) given 
below is necessary and sufficient in order that the trajec- 
tories of M be homeomorphic in the large to a system of 
parallel straight lines in Hilbert space. The proof is based 
on the construction, by a method due to Whitney [Ann. 
of Math. 34, 244 (1933) ], of a local section of the tube 


f(SG@,4),4 


—TstsT 


swept out by a sphere about , for sufficiently small 5>0 
and T>0, assuming that is a point for which f(p, #) 40. 
From this it may be shown that the trajectories in a neigh- 
borhood of » are homeomorphic with a system of straight 
lines in Hilbert space. This holds whenever M is separable. 
In what follows, the assumption that M is locally compact 
is added. 

M is called unstable (in the sense of Lagrange) if the 
closure of no trajectory f(p, #) (p fixed, — ~ <t<+) is 
self-compact. M is said to have an improper col if there exist 
sequences {p,}, {ta} such that p.—p, f(Pn, tn)—9, 
0<1r,<t,, and the sequence {f(, 7,)} contains no conver- 
gent subsequence. Condition (A) is that M be unstable and 
have no improper col; this permits the extension of local 
sections to a section of M as a whole, from which the desired 
homeomorphic mapping may be constructed. It is easily 
seen that any system of parallel straight lines in Hilbert 
space satisfies (A), and since (A) is topologically invariant, 
the necessity of the condition follows. The paper concludes 
with an example showing that the fundamental theorem 
does not hold when M is not locally compact. 

H. Robbins (New York, N. Y.). 


Artemieff, N. Uber realisierbare Trajektorien. Bull. 
Acad. Sci. URSS. Sér. Math. [Izvestia Akad. Nauk 
SSSR] 1939, 429-448 (1939). (Russian. German sum- 
mary) [MF 2089] 

The author is concerned with “realizable” motions and 
trajectories. This notion has been introduced by the author 
in an earlier paper [Bull. Acad. Sci. URSS. Sér. Math. 1939, 
no. 3] and amounts to the concept of stability with respect 
to perturbations of the initial conditions as well as of per- 
turbations of the X; in the system dx;/dt=Xj(x1, ---, 
(j=1, --+, m). The X; and the (d/dx,)X; are assumed to be 
real and continuous in a closed region G; the derivatives 
satisfy a Lipschitz condition. The perturbed system is 


dy; 


where the Y; are real and continuous in G for #20; | ¥;|=1; 
the Y; satisfy a Lipschitz condition with respect to y. Let 
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{ e(#)} be a solution of period 2x, whose trajectory K lies in 
a closed subset of G; suppose X;7(¢1(#), ---, =b?>0. 
On lecting y;= ¢;+2;, a differential system is formed for z. 
The author considers the equations in the variations: 


One of the characteristic exponents of the solution { g(#)} is 
zero. The author proves that if all the other characteristic 
exponents have negative real parts, then the closed trajec- 
tory K is “positively realizable.” An example from celestial 
mechanics is given illustrating the importance of the concept 
of “realizable” motions. W. J. Trjitzinsky. 


Chazy, Jean. Sur la méthode de la variation des con- 
stantes en mécanique céleste. C. R. Acad. Sci. Paris 
210, 156-159 (1940). [MF 1628] 

The equations for the variations of elliptic elements due 
to a disturbing force are given in a vectorial notation. 
D. Brouwer (New Haven, Conn.). 


Orlov, A.A. Sur les solutions Lagrangiennes du probléme 
des trois corps avec les masses variables. Astr. J. 
Soviet Union [Astr. Zurnal] 16, 52-56 (1939). (Russian. 
French summary) [MF 2082] 

Les solutions Lagrangiennes du probléme des trois corps 
avec les masses variables sont étudiées par M. Savtchenko 
[Trudi Kharkoff Astr. Observ. 6 (1938) ] dans la supposition 
que la loi du mouvement est donnée par d(mi) /dt= F. Dans 
la note présente nous étudions la méme question, en nous 
basant sur la loi du mouvement, exprimée par mdi/dt=P. 

Author's summary. 


Dive, Pierre. Rotations barotropes dans un astre fluide 
dont la stratification est ellipsoidale en seconde ap- 
proximation. Ann. Ecole Norm. 56, 293-316 (1939). 
[MF 1861] 

When a heterogeneous fluid rotates as a whole, the sur- 
faces of constant density coincide with the surfaces of 
constant pressure. However, the fact that the surfaces of 
constant density and that of constant pressure coincide does 
not imply that the fluid rotates as a whole. It is possible for 
interior movements to exist in which the surfaces of con- 
stant angular velocity are cylinders around the axis of 
rotation. Such rotations are called barotropic. Assume that 
the surfaces of constant density are ellipsoidal and that the 
fluid rotates about the z-axis. Let Z be the z component 
of the attraction of the fluid at a point whose distance 
from the z-axis is x, and f the gravitational constant. Let 

=—Z/4xfz. The author shows that the necessary and 
sufficient condition for the existence of barotropic rotations 
is that N be of the form (1) No/(1+ 4x"), where No and » 
do not depend on x. In a previous work [Rotations internes 
des astres fluides, Dunod ed., Paris, 1930], the author has 
proved that such rotations are impossible in a fluid for which 
the surfaces of constant density are exactly ellipsoidal. In 
the present paper, however, the author shows that it is 
possible to satisfy condition (1) to the second approxima- 
tion, that is, by neglecting terms involving powers higher 
than the fourth of the maximum ellipticity of the surfaces 

of constant density. B. Friedman (Chicago, IIl.). 


*¥Banerji, A. C. The development of galactic dynamics 
and some allied problems. Twenty-seventh Indian Sci- 


MATHEMATICAL REVIEWS 


ence Congress, Madras, 1940. Presidential Address, Sec. 

tion of Mathematics. 38 pp. 

The paper is principally concerned with summarizing 
recent investigations on the dynamics of rotating com- 
pressible gas spheres and on the formation of spiral arms 
due to the rotation of such bodies. After summarizing the 
classical work of Poincaré, Jeans and Darwin on the dy- 
namics of rotating incompressible fluid bodies, the author 
passes on to the consideration of rotating polytropic gaseous 
configurations. Chandrasekhar’s method, which depends on 
expanding a certain power of the density as a series of 
functions in ascending powers of the angular velocity of 
rotation, is discussed. It is possible to show that, for small 
angular velocities, the polytrope expands uniformly and also 
becomes elliptical. Kopal’s method is next described, which 
depends on determining the oblateness of the rotating gas 
spheroid. Bhatnagar has tackled the case when the angular 
velocity is variable within the spheroid and has calculated 
the mass, volume, mean density, etc., of such distorted 
polytropes. Turning to the formation of spiral arms, the 
author considers that the theories of Jeans, Brown and of 
Vogt and Lambrecht are less satisfactory than that of 
Lindblad. The latter assumes that the configuration from 
which the arms emanate consists of a spheroidal galaxy of 
stars of uniform density having a small condensed nucleus 
at the centre. Banerji, Nizamuddin and Bhatnagar have 
discussed the case of a rotating spheroidal central mass of 
uniform density surrounded by a rotating structure of com- 
pressible gas of variable density. If our own galaxy con- 
formed to this model, spiral arms would form if the diameter 
of the central mass were not greater than 35 parsecs. The 
paper concludes with a discussion of Lyttleton’s collision 
theory for the formation of planetary systems. 

G. C. McVittie (London). 


Gleissberg, W. A new general theorem on the pressure 
in the interior of the stars. Rev. Fac. Sci. Univ. Istan- 
bul 4, 234-238 (1939). (English. Turkish summary) 
[MF 1620] 

Some results of N. R. Sen [Z. Astrophys. 18, 124 (1939)] 
concerning the mean density and the mass of a sphere in 
equilibrium are generalized. B. Friedman. 


Relativity 


| ¥Lichnerowicz,André. Problémes globaux en mécanique 

relativiste. Actual. Sci. Ind. 833. Exposés de géomé- 

trie. XII. Hermann et Cie, Paris, 1939. 78 pp. 

4 ¥*Lichnerowicz, André. Sur certains problémes globaur 
relatifs au systéme des équations d’Einstein. Thése 
présentée 4 la Faculté des Sciences de l'Université de 
Paris. Hermann et Cie, Paris, 1939. 77 pp. 

[Note : Same paper under two different titles. ] This mono- 

graph is devoted mainly to the discussion of two proposi- 

tions concerning differential geometry in the large, the truth 
of which is held to be of fundamental importance for the 
relativistic theory of gravitation. In preparation, therefore, 
the author sets forth in Chapter I (Axiomatique de la 
théorie de la gravitation) relevant results on the initial 
value problem associated with the field equations of general 
relativity; most important for the sequel are those which 
deal with the continuation of an “interior field,”’ in a region 
containing matter, across a boundary into an “exterior 
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field” in regions free of matter. Chapter II (Espaces-temps 
extérieurs réguliers partout) deals with the simpler (B) of 
the two fundamental propositions, according to which every 
such field must of necessity be Euclidean, subject to hy- 
potheses concerning its asymptotic behavior at large dis- 
tances. The well-known result that any such static field is 
Euclidean is extended to certain nor.-static fields, where the 
latter may be characterized roughly as conformal to static 
fields, or certain other types satisfying proposition B, with 
a conformality factor which is convex in time. The author 
contends that some such additional restriction is necessary 
to insure the truth of B, and seeks to show this by an axially- 
symmetric counter-example in which B is not satisfied. (But 
it would appear, granting the validity of his own formulae, 
that in this latter case the Riemannian curvature of a 
geodesic surface normal to the axis in a space t=const. is 
infinite at the axis.) In the rémaining Chapter III (Sur les 
singularités du champ extérieur) the author discusses the 
more difficult proposition A: The introduction of matter 
into a given exterior field can only be accomplished in regions 
in which this field admits singularities. This he establishes, 
for fields of the types considered in the preceding chapter, 
with the aid of a further hypothesis concerning the quasi- 
stationary flow of the matter involved. 
H. P. Robertson (Princeton, N. J.). 


Walker, A. G. Relativistic mechanics. I. The world- 
model, and the description of physical objects. Proc. 
London Math. Soc. (2) 46, 113-154 (1940). [MF 1454] 
It has been proved that the most general geometrical 

model which can be used in Milne’s kinematical relativity 

has the metric 


(1) ds? =dt?—f*de?, 


where de? = k,;dz‘dz is a 3-space of constant curvature. Here 
“f” is called “kinematic time” and 1, given by =ée~!**/", 
“dynamic time.” Tensors in this model are considered and 
it is proved that tensors satisfying the cosmological principle 
transform in such a way that they give rise to a field of 
distant parallelism. It is also proved that the only tensors 
satisfying both the cosmological principle and the principle 
of symmetry are k;;, k*?, 6;. In the second part of the paper 
kinematics and dynamics are considered. By a series of 
ad hoc assumptions the velocity, acceleration and momen- 
tum of a particle, the vector described as force, work and 
energy are all defined. The time ¢ is used in the first instance, 
but the resulting definitions can be converted into 7 time. 
The justification for the selection of s amongst the many 
other possible time-coordinates permitted by (1) is that it 
is the only one which “will yield a system of mechanics in 
which the equations of dynamics so closely resemble the 
classical forms.” G. C. McVittie (London). 


Einstein, A. and Infeld, L. The gravitational equations 
and the problem of motion. II. Ann. of Math. (2) 41, 
455-464 (1940). [MF 1823] 

In the original paper of the same title [Ann. of Math. 39, 
65-100 (1938) ] Einstein, Infeld and Hoffmann showed that 
the gravitational field equations, satisfied in regions free of 
matter, imply the vanishing of certain surface integrals 
taken over 2-dimensional surfaces enclosing spatial regions 
containing the particles responsible for the field. In obtain- 
ing this result the authors made use of a normalizing condi- 
tion restricting the choice of coordinates; with it they were 
able to show that the vanishing of the surface integrals led 
to equations of motion for the particles. The present paper 


consists in a more concise and simpler derivation of the 
corresponding results in terms of a general coordinate sys- 
tem, without the imposition of a normalizing condition. 

H. P. Robertson (Princeton, N. J.). 


Jehle, Herbert. Kosmologische Wellenmechanik. III. 
Bemer! i inzip. Z. Astrophys. 


kungen zum S i 

19, 132-135 (1939). [MF 1397] 

The illustration of two extragalactic systems with oppo- 
site rotations which approach each other and eventually 
interpenetrate is used to resolve the apparent contradiction 
of the simultaneous existence of a linear wave-equation and 
a nonlinear Boltzmann equation in the author’s wave- 
mechanical theory of stellar statistics. G. C. McVittie. 


Jehle, Herbert. Kosmologische Wellenmechanik. IV. 
Z. Astrophys. 19, 225-235 (1940). [MF 1651] 
Rosseland has suggested that the author’s theory is equiv- 

alent to a transformation theory of the classical hydro- 
dynamical equations which implicitly imposes relations 
between the hydrodynamical variables. He raises the objec- 
tions that the assumed existence of a velocity potential is 
impossible and that the theory leads to a relation between 
density and the energy-tensor incompatible with one of the 
other equations of the theory. The author contends that 
these objections cannot be sustained if due regard is paid 
to the fundamental axioms of his theory and in particular 
to the differences which exist between stellar statistics and 
the statistics applicable to a gas. In the stellar case the 
forces between elements of the assembly are slowly changing 
and the reciprocal distances are great. G.C. McVittie. 


Hydrodynamics, Aerodynamics 


Jacob, Caius. Sur le probléme de Dirichlet dans un do- 
maine plan multiplement connexe et ses applications a 
Vhydrodynamique. J. Math. Pures Appl. 18, 363-383 
(1939). [MF 1275] 

The author considers the Dirichlet problem for a domain 

& bounded by C;, k=0, 1, ---, », where C; are closed curves 

with continuously varying curvature. The author introduces 

a function g(M, P) harmonic in Q except at point P, where 

it possesses a logarithmic singularity; g vanishes on the 

external curve Cy and assumes constant values on C;, 

k=1, ---, p. The conjugate hk of g is supposed to have pre- 

assigned periods —w; on C;; g is the stream-function of a 

flow in 2 with a vortex at P, —h the potential of velocity, 

w; the “circulations.” The author proves that: g(M, P) 

=G(M, P)—XUi(M)u(P), where G is the Green’s func- 

tion of Q, u,(M) the function harmonic in Q, vanishing on 

Cy, x=1, 2, k—1, m, and equal to 1 on C,. U;(M) 

is the function harmonic in Q, vanishing on Cy and constant 

on C;, k=1, ---, p, and such that the periods of the con- 
jugate function are equal to 0 on C,, k=1, ---,j—1,j+1, 

-++, p, and equal to 2x on C;. The author shows, further- 

more, that Q)/dneldsq holds 

for the function U(M) harmonic in @ which assumes the 
values ¢(Q) +c; on C;, c; constants which are determined by 
the given data. Using these results he determines the stream- 
function of a flow in Q with the vortex at P and gives 
formulas for the complex potential with the singularity 

(a+i8)(z—P)-'. The author gives several examples; he 

proves certain formulas of Villat and of other authors. In 
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connection with his previous paper [Mathematica 11, 58- 
175], he considers the mixed problem: to determine f, 
analytic in @, the boundary values of Rf being given on 
several C, and the values of Sf on the remaining C;. The 
reviewer notes that the functions considered here are closely 
connected to those studied by Schottky [J. Reine Angew. 
Math. 83, 300-351 (1877) ]; furthermore it is possible to 
represent some of these functions by orthogonal functions, 
which is useful for numerical calculations. 
S. Bergmann (Cambridge, Mass.). 


Milne-Thomson, L. M. Hydrodynamical images. Proc. 
Cambridge Philos. Soc. 36, 246-247 (1940). [MF 1854] 
For the case of any irrotational two-dimensional flow of 

an incompressible fluid about a circular cylinder of radius a, 

provided that there are no rigid boundaries outside the 

cylinder, the complex potential is shown to be 
w=f(z)+J(a*/z), 

where the bar denotes the complex conjugate and f(z) is the 

potential for the flow when the cylinder is absent. Hence, 

to find the flow about any two-dimensional cylinder it is 
only necessary to find the transformation which maps the 
exterior region on the region exterior to a circle. An appli- 


cation to the two-dimensional biplane is shown. 
W. R. Sears (Pasadena, Calif.). 


Poncin, Henri. Sur les équations du mouvement d’un 
milieu continu dans le cas de discontinuités stationnaires 
relatives Ala densité. J. Math. Pures Appl. 18, 385-404 
(1939). [MF 1276] 

The author establishes conditions which are satisfied by 
the velocity vector of particles of a fluid which is contained 
in the interior of a domain D. The assumption is made that 
there exists a discontinuity surface in the interior of D for 
the density of the fluid. The equations obtained are appli- 
cable to certain questions of the theory of cavitation. After 
formulating the hypotheses the author establishes equations 
which enable him to determine the discontinuity surface at 
any moment. This representation is valid only in the 
neighborhood of the discontinuity surface. But by means of 
appropriate geometrical transformation the author finds 
the analytic continuation of the functions connected with 
the velocity field of the flow. The method permits him to 
establish the existence of functions which are differentiable 
up to a certain order and to reduce the problem described 
above to the study of certain differential equations. 

D. A. Bardach. 


Tamada, K6. Application of the hodograph method to the 
flow of a compressible fluid past a circular cylinder. 
Proc. Phys.-Math. Soc. Japan 22, 208-219 (1940). 
[MF 1898] 

The two-dimensional subsonic potential flow of a com- 
pressible fluid past a circular cylinder is investigated anew. 
A linearized pressure-volume relation is assumed. The equa- 
tions of motion are transformed such that instead of the 
coordinates x, y one has as independent variables the mag- 
nitude g of the velocity and its angle 8 with a fixed direction. 
In this way the problem becomes a boundary value problem 
of potential theory. Instead of determining the correct solu- 
tion for the given boundary, a function (which is the 
solution for the corresponding incompressible flow problem) 
is assumed and the boundary determined for which this is the 
correct solution. The fortunate fact that this new boundary 
is very nearly circular, although with different radius, indi- 
cates that the result should be a good approximation to the 


true solution. The author compares his numerical results 
with those obtained by other methods (Lord Raleigh, 
G. I. Taylor) and finds good agreement. Reference is made 
to a paper by H. S. Tsien [J. Aeron. Sci. 6, 399-407 (1939) ] 
where the same method has been applied to the more general 
problem of the flow past an elliptical cylinder. 

E. Reissner (Cambridge, Mass.). 


Nomura, Yakiti. The forces on twe paratiel co-axial circu- 
lar discs placed in uniform flow. Sci. Rep. Téhoku Imp. 
Univ., Ser. 1. 28, 304-318 (1940). [MF 1709] 

This is a study of the flow of a perfect fluid without cir- 
culation. Taking the axis of the discs as the z-axis and 
assuming that the velocity U at infinity lies in the y, z-plane 
and makes an angle ¢ with the z-axis, the author expresses 
the velocity potential @ as 


— Uy sin ¢— Uz cos ¢ 
r 
+(- ) aU cos ¢ a As f 
r 
J (=) 
2\? a 
+(-) aU cos ¢ > B.f 
n=0 
where a, d are the radii of the discs at z=0 and z=h, and 
=x*+y*. The coefficients A, and B, are determined by 
the boundary condition d6/d8z=0 in the surfaces of the 
discs. By means of a relation in hypergeometrical poly- 
nomials given by I. Kobayashi [Sci. Rep. Téhoku Imp. 
Univ., Ser. 1. 27, 365 (1939) ] the coefficients A,, B, and 


thus the resultant forces and moments acting on the discs 
are expressed in series of the following integrals 


f 
0 


where m=0 or 1, x=a/4 or G/a, and q=h/a or h/4. It shows 
that the discs experience a repulsive force and a moment 
which tends to make the discs perpendicular to the flow at 
infinity. The numerical calculation for the case of two equal 
discs are carried out and the results are tabulated including 
the values of the above integrals. It shows that the repulsive 
force decreases with increase in h, but the moment increases 
with increase in / and tends to a constant value. 
H. S. Tsien (Pasadena, Calif.). 


Young, Gale. Convective diffusion in parallel flow fields. 
Bull. Math. Biophys. 2, 49-59 (1940). [MF 2233] 
Laminar motion of two viscous incompressible fluids 

through each other is treated for two cases: flow along the 

axis of a circular cylinder, and flow between parallel planes. 

Analytically the problem reduces to the integration of 

A*u+aAdu=b, where A is the Laplacian. For both cases 

mentioned above the equation reduces, by reasons of sym- 

metry, to ordinary differential equations, which can be 
solved explicitly in terms of Bessel and cylindric functions, 
respectively. The author derives also approximative solu- 
tions, which are useful for practical computations. 

W. Feller (Providence, R. 1.). 


Keulegan, Garbis H. and Patterson, George W. Mathe- 
matical theory of irrotational translation waves. J. 
Research Nat. Bur. Standards 24, 47-101 (1940). 
[MF 2115] 

This first paper of a series deals with the motion of waves 
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of translation in channels of uniform, rectangular cross 
section when the forces of fluid friction fall far below those 
of inertia and gravitation. The motion of all the particles 
jn a cross section is supposed to be sensibly the same at any 
given instant. The waves under consideration are also called 
potential intumescences and are contrasted with the flood 
waves of rivers, in which friction is the all important factor, 
and those of mountainous regions in which the effects of 
inertia are considerable. Intumescences of the type under 
consideration here are classified as solitary waves or conoidal 
waves according as there is no disturbance or an indeter- 
minate motion at infinity. 

After a preliminary presentation of hydrodynamical the- 
ory for irrotational motion the wave problem is formulated 
particularly for waves in shallow water. To satisfy the 
condition of no downward velocity component over the flat 
bottom, the velocity potential ¢ is expanded in a series of 
powers of z, the coefficients being functions of x and ¢ only. 

The theory of long waves of negligible height and curva- 
ture is given on the assumptions u*<gh, v*<gh, uh.<hi, 
where suffixes denote derivatives. The surface conditions 
are then gh—¢.=0, $.+4,=0, where z=h+H is the equa- 
tion of the free surface. They lead to the familiar equation 
c=(gH)} for the velocity of propagation. It is shown that 
the mathematical assumptions may be derived from three 
physical restrictions (h/H)X1, hz&1, H*<2hR, where R is 
the radius of curvature of the waves. The kinetic and 
potential energies of a single wave or intumescence are 
expressed as integrals and found to be equal. The displace- 
ments of the particles and the effects of arbitrary initial 
disturbances are found and a study is made of the reflection 
and transmission of waves. 

In the discussion of waves of appreciable height and 
curvature two definitions are given for the velocity of propa- 
gation. In the first attention is paid to the wave height 
while in the second, due to Boussinesq, attention is paid to 
the wave volume. It is found that these two velocities 
and w are given by the equations A;+oh,=0, h,+woh, 
+hw,=0, respectively, and so w:—w=hw,/h,. It is also 
found that g=U(H+h)=hw, where gq is the discharge 
through a cross section and U the mean velocity over the 
section. The liquid is assumed here to be undisturbed at 
infinity. An equation 


gH = gh(d*/dx*) (9h? /H+2H*hzz) 


is obtained as a second approximation to the wave equation 
when the effects of wave height and curvature of profile are 
taken into account as in Boussinesq’s theory. A first integral 
is obtained and it is found that 12Hhw=(gH)(12Hh+9h? 
+2H*h,z). The velocity wu» at the bottom is given by the 
equation 


and approximate expressions are found for the component 
velocities at any point. The rate of variation of the height 
of an intumescence element is found to be 


— (gH + (H?/6) (hhes—hz*) 


It is next shown that the center of gravity of an intumes- 
cence is maintained at a constant height above the primitive 
free surface and that the velocity of propagation of this 
center of gravity is constant. The energy of an intumescence 
is found to consist of a term independent of the time and 
a much smaller term which varies slowly with the time. 


Boussinesq’s moment of instability 
M.= f "(ht 


is found to be independent of time. 
For a solitary wave of maximum height h; the wave 
profile is given by the equation 


h=h, sech? ] 


and the velocity of propagation w by Scott Russell’s formula 
w*= gH -+ gh,. The wave finally becomes unstable and breaks 
but may be long lived. 

Conoidal waves are next discussed with the aid of elliptic 
functions and the moment of instability of a solitary wave 
is calculated. It is found that the intumescence having a 
maximum or minimum moment of instability for a given 
energy is one that is propagated without change of form. 
The only wave which is propagated with constant velocity 
is the solitary wave. For this M, is a minimum, the minimum 
value being 27E*/*/20H*. The excess of M, over this mini- 
mum value may be regarded as a measure of the rapidity 
with which the intumescence will deform during propagation 
and also of the extent of deformation taking place. When 
the excess is small the profile of the intumescence will 
oscillate about that of a solitary wave having the same 
energy E; there cannot be a marked change; oscillations 
will be damped out by friction. The energy of a solitary wave 
is not arbitrary for there is a maximum height which, if 
exceeded, leads to the breaking of the wave. A theory. of 
breakers is given at the end and the maximum height is 
found to be 0.73H. 

Other matters which are discussed are negative waves, 
intumescences of finite height but negligible curvature, the 
elevation of the surface water in a horizontal channel com- 
municating with the ocean waves due to a sudden increase 
of discharge, Favre’s experiments on surges, initial waves 
and the effect of the velocity distribution in the current. 

H. Bateman (Pasadena, Calif.). 


Langer, Rudolph E. On the stability of the laminar flow 
of a viscous fluid. Bull. Amer. Math. Soc. 46, 257-263 
(1940). [MF 1828] 

When the two-dimensional laminar flow between parallel 
planes of an incompressible viscous fluid is slightly disturbed 
by imposing a wave of length 27/a in the direction of flow 
(the x-axis), it has been shown [C. L. Pekeris, On the 
stability problem in hydrodynamics. I, Proc. Cambridge 
Philos. Soc. 32, 55 (1936); II, J. Aeronaut. Sci. 5, 236 
(1938) ] that the determination of the stream function 
f(y) exp [ia(Ct—x)] depends on the solution of the differ- 
ential boundary problem 


— 20°" (y) +o°f(y) 
+iaR[{ U(y)— Ch — U" 
f(D) =f(—1) =f'0) =f'(- 1) =0. 


Here R is the Reynolds number and C is a complex param- 
eter for characteristic values of which the boundary problem 
admits a solution. The condition for stability is that the 
imaginary part of C shall be positive. Published discussions 
of this problem have in the main been concerned with char- 
acteristic values of small modulus. The present paper pre- 
sents a discussion of an asymptotic nature and is concerned 
with characteristic values for which the product aR|C| is 
large. The results may therefore be regarded as applying to 
flows associated with large characteristic values if aR is 
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small or moderate, and to characteristic values which are 
large, moderate, or even small if aR is large. The values of 
a and R are regarded as either fixed or variable. In the latter 
case the ranges of a and 1/(aR) are taken as bounded. It is 
shown that any flow for which these hypotheses are fulfilled, 
and for which the imaginary component of C is not very 
small, is stable. L. M. Milne-Thomson (Greenwich). 


Bechert, Karl. Zur Theorie ebener Stérungen in rei- 
bungsfreien Gasen. Ann. Physik 37, 89-123 (1940). 
[MF 1857] 

Some general properties of the solutions of the equations 


for flow in one direction, with polytropic changes of state 
are obtained without the integration of Darboux’s equation 
Vet (k/&) Ve= 
which is obtained by writing 9=su, n=1+s?, 


ks*=3—n, x—ul=V,, t= —V,. These properties 
are deduced from the equations 


dw/dt=w,[dx/dt—n/s+ 4st], 


in which In the case when s~*=m+}, 
where m is a positive integer, the known solution of Dar- 
boux’s equation is used to work out some cases of the initial 
value problem, and of standing vibrations between rigid 
walls. The fluctuations of density in an initially stationary 
gas are worked out in the case n=3 on the supposition that 
initially 
ap=A+B exp (—x?/C?), 


where A, B and C are constants. H. Bateman. 


Pailloux, Henri. Mouvements fluides entrainant une fa- 
mille de surfaces inextensibles. Bull. Sci. Math. 63, 
329-353 (1939). [MF 1627] 

The author derives necessary and sufficient conditions in 
order that a properly chosen surface consisting always of 
the same points of a fluid in motion should remain applicable 
to itself. J. J. Stoker (New York, N. Y.). 


Robertson, H. P. The invariant theory of isotropic turbu- 
lence. Proc. Cambridge Philos. Soc. 36, 209-223 (1940). 
[MF 1781] 

The kinematical part of the theory of isotropic turbulence 
of Taylor [Proc. Roy. Soc. London. Ser. A. 151, 421-478 
(1935) ] and von K4rmdn and Howarth [ibid, 164, 192-215 
(1938) ] is reformulated by means of the methods of invari- 
ant theory. The functional forms of the various correlation 
coefficients of the turbulence theory are determined by 
forming certain invariants involving the correlation tensors 
and applying some elementary considerations of the theory 
of invariants. Many of the results obtained by von K4rm4n 
and Howarth by more laborious methods are derived very 
easily in the new treatment, and the power of the method 
to handle complicated correlation tensors, including those 
of order higher than the third, is indicated. In an applica- 
tion of the method to the dynamics of isotropic turbulence, 
it is shown that the “equation for the propagation of the 
correlation” of von Kaérm4n and Howarth exhausts all the 
consequences of the equations of motion for double and 
triple correlations. Extensions of the method to correlations 
involving three points and to the theory of turbulence 
isotropic only in planes normal to the direction of mean flow 
are proposed but not treated. W. R. Sears. 


MATHEMATICAL REVIEWS 


Anton, Leo. Ausbildung eines Wirbels an der Kante einer 
Platte. Ing.-Arch. 10, 411-427 (1939). [MF 1192] 
Two-dimensional incompressible frictionless flow is con- 

sidered around a flat plate which at time #=0 is set into 
motion with constant velocity normal to its plane. Vortices 
are produced at the edges of the plate of such strength that 
the velocity of the fluid remains finite at the edges. These 
vortices combine to vortex sheets. Shape and distribution of 
intensity of these sheets changes with time and the problem 
consists in determining these changes with the help of the 
equations of the theory of vortex motion. Approximate 
calculations to this effect are made in the paper which 
lacks however a complete mathematical formulation of the 
problem. E. Reissner (Cambridge, Mass.). 


Thrane, P. Zur Theorie des zirkularen Wirbels einer 
Atmosphére mit nach oben abnehmender Temperatur. 
Arch. Math. Naturvid. 43, 1-29 (1940). [MF 1394] 

A circular vortex in a frictionless compressible fluid is 
considered to be slightly disturbed from its steady motion 
and the small oscillations about this motion are discussed. 
The application is to the motion of the earth’s atmosphere 
in the neighborhood of the North Pole, the temperature of 
the atmosphere being either constant with height or de- 
creasing linearly. The surface of the earth is considered to 
be a plane normal to the earth’s axis and the hydrodynami- 
cal equations are transformed to rotating axes fixed in this 
plane. The solution of these equations for an isothermal 
atmosphere is given but attention is chiefly concentrated 
on the case of a linear decrease of temperature upwards. 
It is shown that the vibrations about steady motion may 
be “cellular,” that is, that the motion normal to the earth's 
axis is zero at certain distances from this axis and that it is 
also zero on certain ‘“‘null-planes”’ normal to this axis. The 
number of these null-planes is either one or two according 
to conditions which are worked out. Such cellular vibrations 
exist if the temperature gradient is less than the adiabatic 
and the period is less than 12 hours and also if it is greater 
and the period is longer than 12 hours. G.C. McVittie. 


Theory of Elasticity 


*¥*Seth, B. R. Two dimensional potential problems con- 
nected with rectilinear boundaries. Lucknow University 
Studies, no. 13. Allahabad Law Journal Press, Alla- 
habad, India, 1939. v-+124 pp. 

Some problems in the theory of elasticity and hydro- 
dynamics lead to the determination of the function V(x, y), 
harmonic in the interior of the region bounded by an n-sided 
rectilinear polygon, and which assumes on the ith side of 
the polygon the value V=P,(x, y) (é=1, 2, ---, m), where 
the P(x, y) are preassigned polynomials in x and y. The 
monograph of Seth is largely devoted to an exposition of his 
investigations which have appeared in a number of publi- 
cations since 1934. His attack on the above-mentioned 
problem is based on an extension of the method suggested 
by E. Trefftz [Math. Ann. 21, 97 (1921) ] who considered 
the torsion problem of St. Venant. Presumably the author 
is not aware of the work of P. P. Kufarev [Appl. Math. 
Mech. (N.S.) 1, 43-76 (1937) ] who gives a rigorous dis- 
cussion of this problem. I. S. Sokolniko ff. 
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Pierrottet, Ernesto. I fondamenti dei moderni metodi di 
calcolo per i sistemi elastici. Atti Accad. Sci. Torino 75, 
47-60 (1939). [MF 1884] 

The paper contains a discussion of the fundamental con- 
cepts underlying a study of elastic systems. The author 
analyzes the validity of the principles of superposition of 
effects and virtual work. A formulation of a unified principle 
of minimum potential energy is given. 

I. S. Sokolnikoff (Madison, Wis.). 


Okubo, Hajimu. The stress distribution in a semi-infinite 
domain having a plane boundary and compressed by a 
rigid body. Sci. Rep. Téhoku Imp. Univ., Ser. 1. 28, 
286-296 (1940). [MF 1708] 

This is an attempt to solve the boundary value problem 
of elasticity for the infinite half plane, already treated by 
J. H. Michell [Proc. London Math. Soc. 31, 100 (1900)], 
G. V. Kolosoff [Z. Math. Phys. 62, 383 (1914) ], M. Sadow- 
sky [Z. Angew. Math. Mech. 8, 107 (1928) ] and others. 
The author chooses to prescribe displacements over a por- 
tion of the line bounding the half-plane and zero stresses 
over the remainder of the line. Formal use is made of infinite 
series. It is easy to write down a rigorous solution in closed 
form as an integral of the Cauchy type. See, for example, 
N. Muschelisvili [Z. Angew. Math. Mech. 13, 264 (1933) ]. 

I. S. Sokolnikoff (Madison, Wis.). 


Cisotti, Umberto. Stati di tensione sulle sezioni interne dei 
solidi rigidi. Atti Accad. Italia. Rend. Cl. Sci. Fis. Mat. 
Nat. (7) 1, 193-198 (1940). [MF 1754] 

An investigation of the state of internal stresses in a 
rigid body based on a study of the resultants of stresses and 
moments over the surface elements arbitrarily chosen within 
the solid. I. S. Sokolnikoff (Madison, Wis.). 


Cisotti, Umberto. Distribuzione degli sforzi e dei momenti 
interni nelle verghe rigide. Atti Accad. Italia. Rend. Cl. 
Sci. Fis. Mat. Nat. (7) 1, 102-108 (1940). [MF 1741] 
The author obtains formulas for the determination of the 

distribution of internal stresses and moments in a rigid rod 

inadynamical state. J. S. Sokolnikoff (Madison, Wis.). 


Lekhnitsky, S. Déformation plane généralisée dans un 
corps infini anisotrope élastique limité par la surface d’un 
cylindre parabolique. C.R.(Doklady) Acad. Sci. URSS 
(N.S.) 25, 182-185 (1939). [MF 2066] 

Assuming no body forces, small deformations and a gen- 
eral Hooke’s relationship, a generalized plane deformation 
problem is solved in the infinite region S whose boundary 
is the cylindrical surface y=ax* for a>0, with surface loads 
which do not vary in the direction of the generators. 
By expressing the stresses as linear combinations of the 
first derivatives of three functions ¢:(z:) (k=1, 2, 3), each 
holomorphic in regions S, which are obtained from S by 
conformal mapping, the author employs the method of 
Muschelisvili to find ¢, by contour integrals which involve 
only the given boundary forces. When a=0, the results 
include the case of a plane boundary. Another specialization 
includes the non-generalized plane deformation case. 

D. L. Holl (Ames, Iowa). 


Riz, P. Deformations of naturally twisted bars. III. 
C. R. (Doklady) Acad. Sci. URSS (N.S.) 23, 765-767 
(1939). [MF 1959] 

The paper is concerned with the bending of a naturally 


twisted bar by a couple applied at the end z=0. The angle 
of twist a, in undeformed state, is assumed to be a=@z. 
The solution is obtained under the hypothesis that the con- 
stant @ is so small that its higher powers can be neglected 
in the expressions for the stresses. It is shown that the 
stresses are expressible in terms of the ordinary torsion and 
flexure functions and a new function, which satisfies the 
equation of Poisson in the interior of the cross-section of 
the bar and whose normal derivative on the boundary is 
prescribed. An explicit form of this new function is given 
for the shaft of elliptical cross-section. This is the third of a 
series of papers on the deformation of naturally twisted 
bars, the first two of which deal with the problems of 
extension and torsion [same vol., 17-20 and 441-444]. 
I. S. Sokolnikoff (Madison, Wis.). 


Riz, P. On the deformations and stresses of naturally 
twisted bars. Bull. Acad. Sci. URSS. Sér. Math. [Iz- 
vestia Akad. Nauk SSSR] 1939, 449-476 (1939). (Rus- 
sian. English summary) [MF 2090] 

This is a detailed version of a series of three papers in 
English [cf. the foregoing review ]. With the notations and 
hypothesis given above, the following problems of deforma- 
tion of naturally twisted rods are considered: (a) an exten- 
sion by axial stresses uniformly distributed over the ends 
of the rod, (b) an extension by body forces, of constant 
intensity, parallel to the axis of the rod, (c) torsion by 
couples applied at the end of the rod, (d) bending by couples 
applied at the ends of the rod, (e) an extension of the rod by 
uniform axial stresses distributed over the ends of the rod 
in the case when a=62*, (f) deformation of a naturally 
twisted tapered rod by axial loads and by couples applied 
at the ends of the rod [cf. D. Panov, On the torsion of 
nearly prismatic rods, C. R. Acad. Sci. URSS 20, 251-253 
(1938) ]. 

The paper contains some explicit calculations for a nat- 
urally twisted rod of elliptical cross-section. It is shown that 
the additional stresses, arising from the natural twist @, 
attain high values if the bar is sufficiently thin. The results 
have a direct bearing on an analysis of stresses and strains 
in air screw blades. I. S. Sokolnikoff (Madison, Wis.). 


Slonimsky, G. L. On the laws of deformation of real 
materials. I. Acta Physicochim. URSS 12, 99-128 
(1940). [MF 2174] 

This is a study of the behavior of materials under defor- 
mation from the phenomenological point of view according 
to Maxwell and Boltzmann. In one dimensional case, the 
stress o and strain ¢ is connected at every instant ¢ by the 
relation 


o(t, €-) =Ee(t)— f f(t—r)e(r)dr, 


where the constant E and the function f(¢—7r) characterize 
the mechanical properties of the material. Without spe- 
cializing f(¢—7r), the above relation is applied to relaxation 
process and the process of deformation with constant rate 
of strain. It is shown that, at any definite instant, Hooke’s 
law holds in the former case and Newton's law of viscosity 
holds in the latter. A relation between the stresses in these 
two cases is also obtained. This relation is then applied to 
construct the hysteresis curve from the relaxation curve. 
From the known experimental data, the author suggests that 


S(t—1) = 7), 
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where a, k and E, are positive constants and k=1. This 
special form of f(¢—7) is used to calculate the stresses in the 
relaxation process, the process of deformation with constant 
rate of strain, etc. The more general theory of Volterra 
together with a brief discussion of dynamical problems is 
given in appendix 1. The second appendix gives the detailed 
derivation of most of the equations which appeared in the 
paper. H. S. Tsien (Pasadena, Calif.). 


Abramov, B. M. Etude d’un cas d’action non-symétrique 
d’un poincon circulaire appliqué 4 un corps élastique 
d’épaisseur infinie et limité par un plan. C.R.(Doklady) 
Acad. Sci. URSS (N.S.) 23, 759-764 (1939). [MF 1958] 
The author investigates the problem of equilibrium of an 

elastic half-space z=0 under the action of normal stresses 
so distributed over the area of the circle x?+y?=R’, z=0, 
as to give rise to a couple, directed along the Y-axis, which 
causes the linear deflection w=yx over the region of appli- 
cation of the normal stresses. The treatment is analogous 
to that given in Riemann-Webers, Differentialgleichungen 
der Physik, vol. 2, 669-676 (1927), where the problem of 
equilibrium of an elastic half-space, subjected to the normal 
force producing the deflection w=const. over the area of the 
circle, is considered. J. S. Sokolnikoff (Madison, Wis.). 


Ruhadze, A. K. On the problem of flexure of compound 
elastic beams. Mitt. Georg. Abt. Akad. Wiss. USSR 
[Soob&Séenia Gruzenskogo Filiale Akad. Nauk SSSR] 1, 
107-114 (1940). (Russian) [MF 2019] 

A solution of St. Venant’s flexure problem for a compound 
beam composed of several elastic materials whose Poisson’s 
constants are alike but whose Young’s moduli are distinct 
has been given by N. Muschelisvili [Bull. Acad. Sci. USSR, 
907-945 (1932) ]. The assumption that the Poisson con- 
stants are alike has been introduced in order to avoid the 
discontinuities in the components of displacements along 
the surfaces of separation of different media. The author 
removes the discontinuities arising in Muschelisvili’s treat- 
ment of the problem by superimposing a solution of a two- 
dimensional problem of elasticity with prescribed displace- 
ments which, on the boundaries of the regions separating 
different media, suffer discontinuities equal and opposite to 
those mentioned above. The theory is illustrated by a dis- 
cussion of the flexure problem for a circular cylinder, made 
up of two different materials, whose core is a concentric 


circular cylinder. I. S. Sokolnikoff (Madison, Wis.). 


Gorbunov-Possadov, M. I. On beams and rectangular 
plates supported by an elastic half-space. C. R. (Do- 
klady) Acad. Sci. URSS (N.S.) 24, 421-425 (1939). 
[MF 2049} 

The author gives a method for solving the problems of 
the bending of thin rectangular elastic plates and of beams 
supported by an elastic infinite half space. The solutions are 
given for the rigid square plate under symmetrical normal 
pressure and under the action of a couple and for the beam 
when loaded by a single concentrated force at its center. 
The method consists in assuming that the unknown pressure 
distribution p(x, y) between plate and half space can be 
developed in a double power series in x and y; an infinite 
set of linear equations for the coefficients of such a series is 
then obtained from the condition that the deflection of plate 
and half space is the same at all points under the plate. The 
system of linear equations is solved approximately. 

J. J. Stoker (New York, N. Y.). 


Gran Olsson, R. and Reissner, Eric. A problem of buck- 
ling of elastic plates of variable thickness. J. Math. 
Phys. Mass. Inst. Tech. 19, 131-139 (1940). [MF 1778] 
The differential equation of the deflection w(x, y) of a rec. 

tangular plate, bounded by x=xo, x=x1:, y=0, y=), and 

whose stiffness is N=cx, has the form 
cV*(x¥*w) + PV*w=0, 

where P is the uniform thrust applied at the edges and ¢ 

is a constant. The solution of this equation is subject to the 

conditions 
w(x, 0) = w(x, b) = V*w(x, 0) = V*w(x, b) =0, 
w(xo, y) =w(x1, y) =V*w(xo, y) =V*w(x1, y) =0, 

when the plate is freely supported along the edges. A sub- 

stitution v=V*w reduces the solution of the problem of 

buckling to a search for the characteristic values of the load 

P from the system 


P 
V?(xv) 
c 


v(x, 0) =0(x, b) = V(xo, y) =0(x1, y) =0. 
The solution of the system appears in terms of the hyper- 
geometric functions. The authors discuss the stability of the 
plate for three particular characteristic values of the load P, 
I. S. Sokolnikoff (Madison, Wis.). 


Karas, K. Platten unter seitlichem Stoss. Ing.-Arch. 10, 

237-250 (1939). [MF 1392] 

The problem is that of a thin rectangular elastic plate 
simply supported at the boundary and struck a blow at the 
center by a falling mass. The author gives approximate 
formulas for the duration of the impact, the maximum 
pressure developed between the plate and the falling mass, 
and the deflection of the plate. An exact solution is obtained 
for the case of an elastic impact, assuming the Hertz theory 
of impact; this solution is obtained in the same manner as 
that of Timoshenko for the analogous problem of the beam 
under impact [Z. Math. Phys. 62 (1913) or in Timoshenko’s 
book: Vibration Problems in Engineering, 1928, p. 282]. 
The approximate formulas are found to be reasonably accu- 
rate, a result not without importance, since the calculations 
for the exact solution are very involved. A particular numer- 
ical case (square plate) is worked out in detail. The problem 
of completely inelastic impact (for example, impact of a 
projectile on a concrete plate) is also considered in some 
detail. J. J. Stoker (New York, N. Y.). 


Frank, B. Abgekiirzte Drehschwingungsrechnungen mit 
Hilfe der Ersatzmasse und Ersatzkraft. Ing.-Arch. 10, 
371-394 (1939). [MF 1190] 

In computing torsional vibrations of compound systems, 
considerable simplifications are introduced if part of the 
system is homogeneous, that is, composed of equal masses 
uniformly spaced along an axis; for example, a multi 
cylinder series motor. In determining the free oscillations 
of such a system, the simplification is effected by replacing 
the homogeneous portion of the system with a single mass, 
the coefficients involved in this transformation being fune- 
tions of frequency. Extensive families of curves are given 
to facilitate the determination of the numerical values of 
these functions. Use is then made of this procedure in the 
more complicated problems of a homogeneous system coupled 
at one end with one or two additional masses, and also the 
case of coupling with an additional mass at each end. The 
question of forced oscillations is treated by similar methods 
in the above cases. R. M. Foster (New York, N. Y.). 
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